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Notes from the Editors

As The Political Methodologist continues its transition to a
new format, the current editorial team has agreed to stay on
for an extra year (two new issues) to provide sufficient time
for the transition to occur. And we are pleased to present
this new issue of TPM with great new contributions!

Two of our articles in this issue are about the proper
specification and interpretation of results from parametric
models: an article by Enns and Wlezien, and another by
MacKinnon and Webb. Enns and Wlezien clarify how re-
searchers can ensure that their ECMs achieve proper bal-
ance; achieving appropriate balance (i.e., an equal order
of integration on both sides of the equation) is important
because imbalance can create a spurious relationship be-
tween the independent and dependent variables. The au-
thors respond in part to a recent Political Analysis sympo-
sium about error-correction models (or ECMs), elaborating
and clarifying some aspects of imbalance that they believe
the symposium left unstated or unclear.

MacKinnon and Webb write about the analysis of data

with unmodeled error correlation within units, such as
states. Not only do political scientists frequently analyze
this kind of data, but they also frequently encounter data
sets wherein the number of data points inside a unit varies
substantially from unit to unit; for example, a survey con-
ducted within the United States will almost certainly have
more respondents from California than Wyoming or Mon-
tana. The authors find that wild cluster bootstrapping (or,
with very few clusters, ordinary wild bootstrapping) can
produce more accurate standard errors when cluster-robust
standard errors or the pairs cluster bootstrap often rejects
the null too often.

As part of their study, MacKinnon and Webb replicate
an analysis by Burden, Canon, Mayer, and Moynihan very
recently published in Political Research Quarterly. Their
replication effort turns up some problematic aspects of one
model from Burden et al., who respond to MacKinnon and
Webb’s analysis in this issue. In addition to acknowledging
the problems with this model, Burden et al. argue that “the
greater lesson from the skilled analysis of MacKinnon and
Webb is to raise further doubt about whether [difference-in-
difference modeling] is simply unsuitable” in settings where
very few of the units (in this case, American states) actually
experience a policy change of interest.

Finally, a large and interdisciplinary group of scholars led
by Daniel Benjamin and Valen Johnson recently proposed
that statistical significance be conventionally redefined from
p < 0.05 to p < 0.005 as a means of alleviating the “repli-
cation crisis” that has swept through the social sciences. A
piece in this issue by TPM editor Justin Esarey argues that,
although this policy disadvantages junior and underfunded
scholars, these disadvantages may be overcome if researchers
re-focus their efforts on jointly testing multiple hypotheses
from a proposed theory. Joint hypothesis tests enable tests
with strict size requirements to be conducted with much
greater power than the same number of separate hypothesis
tests.

We hope that you enjoy the articles in this issue!

The Editors
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Articles

Understanding Equation Balance in
Time Series Regression

Peter K. Enns Christopher Wlezien
Cornell University University of Texas at Austin

peterenns@cornell.edu wlezien@austin.utexas.edu

Political Analysis (PA) recently hosted a symposium on
time series analysis that built upon De Boef and Keele’s
(2008) influential time series article in the American Jour-
nal of Political Science. Equation balance was an important
point of emphasis throughout the symposium. In their clas-
sic work on the subject, Banerjee et al. (1993, 164) explain
that an unbalanced equation is a regression, “in which the
regressand is not the same order of integration as the re-
gressors, or any linear combination of the regressors.” The
contributors to this symposium were right to emphasize the
importance of equation balance, as unbalanced equations
can produce serially correlated residuals (e.g., Pagan and
Wickens 1989) and spurious relationships (e.g., Banerjee et
al. 1993, 79).

Throughout the PA symposium, however, equation bal-
ance is defined and applied in different ways. Grant and
Lebo (2016, 7) follow Banerjee et al.’s definition when they
explain that a general error correction model (GECM)—
or autoregressive distributed lag (ADL)—is balanced if co-
integration is present.1 Keele, Linn and Webb (2016a,
83) implicitly make this same point in their second con-
tribution to the symposium when they cite Bannerjee et
al. (1993) in their discussion of equation balance. Yet,
other parts of the symposium seem to apply a stricter stan-
dard of equation balance, stating that when estimating a
GECM/ADL all time series must be the same order of in-
tegration. As Grant and Lebo write in the abstract of their
first article, “Time series of various orders of integration—
stationary, non-stationary, explosive, near- and fractionally
integrated—should not be analyzed together . . . That is,
without equation balance the model is misspecified and
hypothesis tests and long-run-multipliers are unreliable.”
Keele, Linn and Webb (2016b, 34) similarly write, “no re-
gression model is appropriate when the orders of integration
are mixed because no long-run relationship can exist when
the equation is unbalanced.” Box-Steffensmeier and Helga-
son (2016, 2) make the point by stating, “when studying the
relationship between two (or more) series, the analyst must
ensure that they are of the same level of integration; that
is, they have to be balanced.” Although Freeman (2016) of-

fers a more nuanced perspective on equation balance, many
of the symposium contributors could be interpreted as rec-
ommending that scholars never mix orders of integration.2

Indeed, in their concluding article, Lebo and Grant write,
“One point of agreement among the papers here is that equa-
tion balance is an important and neglected topic. One can-
not mix together stationary, unit-root, and fractionally in-
tegrated variables in either the GECM or the ADL” (p.79).

It is possible that these authors did not mean for these
quotes to be taken literally. However, we both have recently
been asked to review articles that have used these quotes to
justify analytic decisions with time series data.3 Thus, we
think the claims should be reviewed carefully. This is espe-
cially the case because Grant and Lebo could be interpreted
as applying these strict standards in some of their empiri-
cal applications. For example, in their discussion of Sánchez
Urribarŕı, Schorpp, Randazzo and Songer (2011), Grant and
Lebo write, “both the UK and US models are unbalanced—
each DV is stationary, and the inclusion of unit-root IVs has
compromised the results” (Supplementary Materials, p.36).
Researchers might take this statement to imply that includ-
ing stationary and unit root variables automatically pro-
duces an unbalanced equation.

In addition to holding implications for practitioners, the
strict interpretation of equation balance holds implications
for the vast number of existing time series articles that em-
ploy GECM/ADL models without pre–whitening the data
to ensure equal orders of integration across all series. Lebo
and Grant (2016, 79) point out, for example, “FI [fractional
integration] methods allow us to create a balanced equation
from dissimilar data. By filtering each series by its own
(p, d, q) noise model, the residuals of each can be rendered
(0, 0, 0) so that you can investigate how X’s deviations
from its own time-dependent patterns affect Y ’s deviations
from its own time-dependent patterns.” Fortunately, exist-
ing time series analysis that does not pre-whiten the data
need not be automatically dismissed. The strict interpre-
tation of equation balance—i.e., that mixing orders of inte-
gration is always problematic with the GECM/ADL—is not
accurate. As noted above, the contributors to the sympo-
sium may indeed understand this point. But based on the
quotes above, we feel that it is important to clarify for prac-
titioners that an unbalanced equation is not synonymous

1The GECM and ADL are the same model (e.g., Banerjee et al. 1993, De Boef and Keele 2008, Esarey 2016). However, since the two models
estimate different quantities of interest (Enns, Kelly, Masaki and Wohlfarth 2016), they are often discussed as two separate models.

2Specifically, Freeman (2016, 50) explains, “KLW’s [Keele, Linn, and Webb] claim that unbalanced equations are ‘nonsensical’ (16, fn.4) and
GL’s [Grant and Lebo] recommendation to ‘set aside’ unbalanced equations (7) are a bit overdrawn. Banerjee et al. (1993) and others discuss the
estimation of unbalanced equations. They simply stress the need to use particular nonstandard distributions in these cases.”

3Given the prominence of the authors as well as the Political Analysis journal, it is perhaps not surprising that practitioners have begun to
adopt these recommendations.
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with mixing orders of integration. While related, they are
not the same, and while the former is always a problem the
latter is not.

We begin by showing that equation balance does not
necessarily require that all series have the same order of in-
tegration with the GECM/ADL. This is important because
the classic examples in the literature of unbalanced equa-
tions include series of different orders of integration (see,
for example, Banerjee et al. (1993, 79) and Maddala and
Kim (1998, 252)). But our results are not at odds with these
scholars, as their examples all assume a relationship with no
dynamics. When using a GECM/ADL to model dynamic
processes, even mixed orders of integration can produce bal-
anced equations. This conclusion is consistent with Baner-
jee et al. (1993), who write, “The moral of the econometri-
cians’ story is the need to keep track of the orders of integra-
tion on both sides of the regression equation, which usually
means incorporating dynamics; models that have restrictive
dynamic structures are relatively likely to give misleading
inferences simply for reasons of inconsistency of orders of
integration” (p.192, italics ours).

We believe the PA symposium was not sufficiently clear
that adding dynamics can solve the equation balance prob-
lem with mixed orders of integration. Thus, a key con-
tribution of our article is to show how appropriate model
specification can be used to produce equation balance and
avoid inflating the rate of spurious regression – even when
the model includes series with different orders of integra-
tion. Our particular focus is analysis that mixes stationary
I(0) and integrated I(1) time series. In practice, researchers
might encounter other types of time series, such as fraction-
ally integrated, near-integrated, or explosive series. Evalu-
ating every type of time series and the vast number of ways
different orders of integration could appear in a regression
model is beyond the scope of this paper. Our goal is more
basic, but still important. We aim to demonstrate that there
are exceptions to the claim that, “The order of integration
needs to be consistent across all series in a model” (Grant
and Lebo 2016, 4) and that these exceptions can hold im-
portant implications for social science research.

More specifically, we show that when data are either
stationary or (first order) integrated, scenarios exist when
a GECM/ADL that includes both types of series can be
estimated without problem. Our simulations show that re-
gressing an integrated variable on a stationary one (or the
reverse) does not increase the risk of spurious results when
modeled correctly. While this may be a simple point, we
think it is a crucial one. As mentioned above, if readers
interpreted the previous quotes from the PA symposium as

defining equation balance to mean that different orders of
integration cannot be mixed, most existing research that
employs the ADL/GECM model would be called into ques-
tion. Given the fact that Political Analysis is one of the
most cited journals in political science and the symposium
included some of the top time series practitioners in the
discipline, we believe it is valuable to clarify that mixing or-
ders of integration is not always a problem and that existing
time series research is not inherently flawed. Furthermore,
the one article that has responded to particular claims made
in the symposium contribution did not address the sympo-
sium’s definition of equation balance (Enns et al. 2016).4

We hope our article helps clarify the concept of equation
balance for those who use time series analysis.

We also illustrate the importance of our findings with an
applied example—income inequality in the United States.
The example illustrates how the use of pre-whitening to
force variables to be of equal orders of integration (when
the equation is already balanced) can be quite costly, lead-
ing researchers to fail to detect relationships.5

Clarifying Equation Balance

The contributors to the PA symposium were all correct to
emphasize equation balance. Time series analysis requires a
balanced equation. An unbalanced equation is mis-specified
by definition, typically resulting in serially correlated residu-
als and an increased probability of Type I errors.6 As noted
above, Banerjee et al. (1993, 164, italics ours) explain that
an unbalanced equation is a regression, “in which the regres-
sand is not the same order of integration as the regressors,
or any linear combination of the regressors.” Our primary
concern is that much of the discussion in the PA symposium
seems to focus on the order of integration of each variable
in the equation without acknowledging that a “linear com-
bination of the regressors” can also produce equation bal-
ance. We worry that researchers might interpret this focus
to mean that equation balance requires each series in the
model to be the same order of integration.7 Such a conclu-
sion would be wrong. As the previous quote from Banerjee
et al. (1993) indicates (also see, Maddala and Kim (1998,
251), if the regressand and the regressors are not the same
order of integration, the equation will still be balanced if
a linear combination of the variables is the same order of
integration.

As Grant and Lebo (2016, 7) and Keele, Linn and Webb
(2016a, 83) acknowledge, cointegration offers a useful illus-
tration of how an equation can be balanced even when the
regressand and regressors are not the same order of integra-

4Enns et al. (2016) focused on how to correctly implement and interpret the GECM.
5Of course, equation balance is not the only relevant consideration. Researchers must check that their model satisfies other assumptions, such

as no autocorrelation in the residuals and no omitted variables.
6See, e.g., Banerjee et al. (1993, 164-168), Maddala and Kim (1998, 251-252), and Pagan and Wickens (1989, 1002).
7For example, Grant and Lebo (p.7-8) write, “Additionally, any loss of equation balance makes a cointegration test dubious so, again, if the

dependent variable is I(1), then the model should only include I(1) independent variables.”
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tion.8 Consider two integrated I(1) variables, Y and X, in
a standard GECM model:

∆Yt = α0 + α1Yt−1 + γ1∆Xt + β1Xt−1 + εt. (1)

Clearly, the equation mixes orders of integration. We have a
stationary regressand (∆Yt) and a combination of integrated
(Yt−1, Xt−1) and stationary (∆Xt) regressors. However, if
X and Y are cointegrated, the equation is still balanced. To
see why, we can rewrite Equation 1 as:

∆Yt = α0 + α1(Yt−1 + β1

α1
Xt−1) + γ1∆Xt + εt. (2)

X and Y are cointegrated whenX and Y are both integrated
(of the same order) and α1 and β1 are non-zero (and α1 < 0).
Because cointegration ensures that Y and X maintain an
equilibrium relationship, a linear combination of these vari-
ables exists that is stationary (that is, if we regress Y on
X, in levels, the residuals would be stationary).9 As noted
above, this (stationary) linear combination is captured by
(Yt−1 + β1

α1
Xt−1). Additionally, since Y and X are both in-

tegrated of order one, ∆Y and ∆X will be stationary. Thus,
cointegration ensures that the equation is balanced: the re-
gressand (∆Yt) and either the regressors (∆Xt) or a linear
combination of the regressors (Yt−1 + β1

α1
Xt−1) are all sta-

tionary. Importantly, if we added a stationary regressor to
the model, e.g., if we thought innovations in Y were also
influenced by a stationary variable, the equation would still
be balanced.

The fact that the GECM—which mixes stationary and
integrated regressand and regressors—is appropriate when
cointegration is present demonstrates that equation balance
does not require the series to be the same order of inte-
gration. As we have mentioned, Grant and Lebo (2016, 7)
acknowledge that a GECM is balanced if co-integration is
present and Keele, Linn and Webb (2016a, 83) make this
point in their second contribution to the symposium citing
Bannerjee et al. (1993) in their discussion of equation bal-
ance. However, as noted above, we have begun to encounter
research that interprets other statements in the symposium
to mean that analysts can never mix orders of integration.
For example, in their discussion of Volscho and Kelly (2012),
Grant and Lebo write that the “data is a mix of data types
(stationary and integrated), so any hypothesis tests will be
based on unbalanced equations” (supplementary appendix,

p.48). But is this this really the case? The above example
shows that when cointegration is present, equation balance
can exist even when the orders of integration are mixed.

Below, we use simulations to illustrate two seemingly
less well-known scenarios when equation balance exists de-
spite different orders of integration. Again, our goal is not
to identify all cases where different orders of integration can
result in equation balance. Rather, we want to show that
researchers should not automatically equate different orders
of integration with an unbalanced equation. Situations exist
where it is completely appropriate to estimate models with
different orders of integration.

Equation Balance with Mixed Orders of In-
tegration: Simulation Results

We begin with an integrated Y and a stationary X. At
first glance, estimating a relationship between these vari-
ables, which requires mixing an I(1) and I(0) series, might
seem problematic. Grant and Lebo (2016, 4) explain, “Mix-
ing together series of various orders of integration will mean
a model is misspecified” and in econometric texts, mixing
I(1) and I(0) series offers a classic example of an unbal-
anced equation (Banerjee et al. 1993, 79; Maddala and Kim
1998, 252).10

It is still possible to estimate the relationship between
an integrated Y and a stationary X in a correctly specified
and balanced equation. First, we must recognize that when
Banerjee et al. (1993) (see also Mankiw and Shapiro (1986)
and Maddala and Kim (1998)) state that an I(1) and I(0)
series represent an unbalanced equation, they are modeling
the equation:

yt = α+ βxt−1 + ut. (3)

Equation 3 is indeed unbalanced (and thus misspecified) as
the regressand is integrated and the regressor is stationary.
This result does not, however, mean that we cannot consider
these two series. A stationary series, X, might be related to
innovations in an integrated series, Y . If so, we could model
this process with an autoregressive distributed lag model:

Yt = α+ α1Yt−1 + β1Xt + β2Xt−1 + ε. (4)

Much as before, this might appear to still be an unbalanced
equation. We continue to mix I(1) and I(0) series, which
seemingly violates Lebo and Grant’s (2016, 71) conclusion

8See Murray (1994) for a discussion of cointegration.
9This, in fact, is the first step of the Engle-Granger two-step method of testing for cointegration.

10Interestingly, existing simulations show that despite being unbalanced regressions, we will not find evidence that unrelated I(0) and I(1) series
are (spuriously) related in a simple bivariate regression if the I(0) variable is AR(0) (see, e.g., Banerjee et al. (1993, 79), Granger, Hyung and Jeon
(2001, 901), and Maddala and Kim (1998, 252)). Banerjee et al. explain that the only way in which OLS can make the regression consistent and
minimize the sum of squares is to drive the coefficient to zero (p.80). Our own simulations confirm that when estimating unbalanced regressions
with AR(1) and I(1) series, both serial correlation and inflated Type I error rates emerge.
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Table 1: The Percent of Spurious Regressions with an Integrated Y and Stationary X

θx = 0 θx = 0.5
T = β̂1 % β̂2 % β̂1 % β̂2 %

50 .0032 4.2% -.0021 5.4% 0.0025 4.2% -0.0035 4.3%
1,000 -.0011 4.8% 0.0003 5.0% -0.0011 4.7% 0.0010 4.3%

Notes: β̂ represents the mean coefficient estimate across 1,000 simulations. % repre-
sents the percent of the simulations for which we incorrectly reject the null hypothesis
of no relationship between X and Y . θx represents the autoregressive parameter in
Equation 7.

that, “One cannot mix together stationary, unit–root, and
fractionally integrated variables in either the GECM or the
ADL.”11 However, since Y is I(1), α1 = 1, which means
Yt − α1Yt−1 = ∆Y . Thus, we can rewrite the equation as,

∆Yt = α+ β1Xt + β2Xt−1 + ε. (5)

Because Y is an integrated, I(1), series, ∆Y must be sta-
tionary. Thus, the regressand and regressors are all I(0)
series. As Banerjee et al. (1993, 169) explain, “regressions
that are linear transformations of each other have identical
statistical properties. What is important, therefore, is the
possibility of transforming in such a way that the regres-
sors are integrated of the same order as the regressand.”12

Thus, Equation 5 shows that the ADL in Equation 4 is in-
deed balanced. (Because the GECM is algebraically equiva-
lent to the ADL, the GECM would—by definition—also be
balanced in this example.)

The above discussion suggests that we can use an ADL
to estimate the relationship between an integrated Y and
stationary X. To test these expectations, we conduct a se-
ries of Monte Carlo experiments. We generate an integrated
Y with the following DGP:

Yt = Yt−1 + εyt, εytN(0, 1). (6)

We generate the stationary time series X, with the following
DGP, where θ equals 0.0 or 0.5:

Xt = θxXt−1 + εxt, εxtN(0, 1). (7)

Notice that X and Y are independent series. Particularly
with dependent series that contain a unit root (as is the case
here), the dominant concern in time series literature is the
potential for estimating spurious relationships (Granger and
Newbold 1974, Grant and Lebo 2016, Yule 1926). Thus, our
first simulations seek to identify the percentage of analyses
that would incorrectly reject the null hypothesis of no rela-
tionship between a stationary X and integrated Y with an
ADL. As noted above, in light of the recommendations in
the PA symposium to never mix orders of integration, this
approach seems highly problematic. However, if the equa-
tion is balanced as we suggest, the false rejection rate in our
simulations should only be about 5 percent.

In the following simulations, T is set to 50 and then
1,000. These values allow us to evaluate both a short time
series that political scientists often encounter and a long
time series that will approximate the asymptotic properties
of the series. We use the DGP from Equations 6 and 7,
above, to generate 1,000 simulated data sets. Recall that in
our stationary series, θx equals 0.5 or 0.0 and Y and X are
never related. To evaluate the relationship between X and
Y , we estimate an ADL model in Equation 4.13

Table 1 reports the average estimated relationship across
all simulations between X and Y (β̂1 and β̂2 in Equation 4)
and the percent of simulations in which these relationships
were statistically significant. The mean estimated relation-
ship is close to zero and the Type I error rate is close to 5
percent. With this ADL specification, when Y is integrated
and X is stationary, mixing integrated and stationary time
series does not increase the risk of spurious regression.14

11Although fractionally integrated variables may also be of interest to researchers, this example focuses on stationary and integrated processes,
which offer a clear illustration of the consequences of mixing orders of integration.

12Banerjee et al. (1993) wrote this in the context of a discussion of equation balance among cointegrated variables, but the point applies equally
well in this context.

13The ADL is mathematically equivalent to the general error correction model (GECM), so the GECM would produce the same results, as long
as the parameters are interpreted correctly (see Enns et al. (2016)).

14The simulations reported in Table 1 also indicate that the ADL specification addresses the issue of serially correlated residuals, which would
not be the case with an unbalanced regression. When θx=0 and T = 50, a Breusch-Godfrey test rejects the null of no serial correlation just 6.5%
of the time. When T=1,000, we find evidence of serially correlated residuals in just 4.6% of the simulations. When θx=0.5, the corresponding rates
are 6.4% (T=50) and 4.6% (T=1,000).
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Table 2: The Percent of Spurious Regressions with a Stationary Y and an Integrated X

θy = 0 θy = 0.5
T = β̂1 % β̂2 % β̂1 % β̂2 %

50 -.0023 6.0% .0013 5.5% -0.0034 6.4% 0.0015 6.0%
1,000 .0011 5.6% -0.0010 5.3% 0.0011 5.5% -0.0009 5.2%

Notes: β̂ represents the mean coefficient estimate across 1,000 simulations. % repre-
sents the percent of the simulations for which we incorrectly reject the null hypothesis
of no relationship between X and Y . θy represents the autoregressive parameter in
the DGP of Y .

Results in Table 2 show that the same pattern of results
emerges when X is integrated and Y is stationary.15 Most
time series analysis in the political and social sciences could
be accused of mixing orders of integration. Thus, the rec-
ommendations of the PA symposium could be interpreted as
calling this research into question. We have shown, however,
that mixing orders of integration does not automatically im-
ply an unbalanced equation. It also does not automatically
lead to spurious results.

The Rise of the Super Rich: Reconsidering
Volscho and Kelly (2012)

We think the foregoing discussion and analyses offer com-
pelling evidence that, despite the range of statements about
equation balance in the PA symposium, mixing orders of in-
tegration when using a GECM/ADL does not automatically
pose a problem to researchers. Of course, to a large degree
the previous sections reiterate and unpack what econome-
tricians have shown mathematically (e.g., Sims, Stock and
Watson 1990), and so may come as little surprise to some
readers (especially those who have not read the PA Sympo-
sium). Here, we use an applied example to illustrate the im-
portance of correctly understanding equation balance. We
turn to a recent article by Volscho and Kelly (2012) that
analyzes the rapid income growth among the super-rich in
the United States (US). They estimate a GECM of pre-tax
income growth among the top 1% and find evidence that
political, policy, and economic variables influence the pro-
portion of income going those at the top. Critically for our
purposes, they include stationary and integrated variables
on the right-hand side, which Grant and Lebo (2016, 26)
actually single out as a case where the “GECM model [is]
inappropriate with mixed orders of integration.” Grant and
Lebo go on to assert that Volscho and Kelly’s “data is a mix
of data types (stationary and integrated), so any hypothesis

tests will be based on unbalanced equations”(supplementary
appendix, p.48). Based on the conclusion that mixing or-
ders of integration produces an unbalanced equation, Grant
and Lebo employ fractional error correction technology and
find that none of the political or policy variables (and only
some economic variables) matter for incomes among the top
1%.
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Figure 1: The Top 1 Percent’s Share of Pre-tax In-
come in the United States, 1913 to 2008

These are very different findings, ones with potential pol-
icy consequences, and so it is important to reconsider what
Volscho and Kelly did—and whether the mixed orders of
integration pose a problem for their analysis. To begin our
analysis, we present the dependent variable from Volscho
and Kelly, the total pre-tax income share of the top 1% for
the period between 1913 and 2008.16 In Figure 1 we can see
that income shares start off quite high and then drop and
then return to inter-war levels toward the end of the series.
The variable thus exhibits none of the trademarks of a

15The fact that we do not observe evidence of an increased rate of spurious regression in Table 2, particularly when Y is AR(1), implies that we
do not have an equation balance problem. We also find that the simulations in Table 2 tend not to produce serially correlated residuals (we only
reject the null of no serial correlation in 6.3% and 5.2% of simulations when T=50 and 4.9% and 3.3% of simulations when T=1,000).

16These data, which come from Volscho and Kelly, were originally compiled by Piketty and Saez (2003).
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Table 3: Time Series Properties of Variables Analyzed by Volscho and Kelly

Variable ADF test Phillips-Perron test Conclusion

Top 1% Share 0.5121 0.5794 Integrated
Democratic President 0.0462 0.0254 Stationary
Divided Government 0.0082 0.0034 Stationary
Top Marginal Tax Rate 0.1563 0.3351 Integrated
Capital Gains Tax Rate 0.4220 0.5812 Integrated
3-Month Treasury Bill 0.3654 0.2712 Integrated
Trade Openness 0.0608 0.0597 Borderline
Log Real GDP 0.2690 0.2323 Integrated
Real S&P 500 Index 0.2149 0.6427 Integrated
Shiller Home Price Index 0.0000 0.5616 Unclear
Union Membership 0.6710 0.8185 Integrated
% Congressional Dem. 0.0209 0.0147 Stationary

Notes: The Null hypothesis for ADF and Phillips-Perron tests is a unit root. When
statistically significant, a trend and/or additional lags were included in the tests.

stationary series, i.e., it is not mean-reverting, and looks to
contain a unit root instead. Notice that the same is true
for the shorter period encompassed by Volscho and Kelly’s
analysis, 1949–2008. Augmented Dickey-Fuller (ADF) and
Phillips–Perron unit root tests confirm these suspicions, and
are summarized in the first row of Table 3.17

What about the independent variables? Here, we find
a mix (see Table 3). Some variables clearly are nonsta-
tionary and also appear to contain unit roots: the capital
gains tax rate, union membership, the Treasury Bill rate,
Gross Domestic Product (logged), and the Standard and
Poor 500 composite index. The top marginal tax rate also is
clearly nonstationary and we cannot reject a unit root even
when taking into account the secular (trending) decline over
time. The results for the Shiller Home Price Index are mixed
and trade openness is on the statistical cusp, and there is
reason—based on the size of the autoregressive parameter
(-0.29) and the fact that we reject the unit root over a longer
stretch of time—to assume that the variable is stationary.
For the other variables included in the analysis, we reject
the null hypothesis of a unit root: Democratic president,
and the Percentage of Democrats in Congress. These find-
ings seem to comport with what Volscho and Kelly found
(see their supplementary materials).18

Volscho and Kelly proceed to estimate a GECM of the

top 1% income share including current first differences and
lagged levels of the stationary and integrated variables. So
far, the diagnostics support their decision (integrated DV,
some IVs are integrated, and we find evidence of cointe-
gration).19 The fact that stationary variables are also in-
cluded in the model should not affect equation balance.
However, in order to evaluate the robustness of Volscho
and Kelly’s results, we re-consider their data with Pesaran
and Shin’s ARDL (Autoregressive Distributed Lag) critical
bounds testing approach (Pesaran, Shin and Smith 2001).
Although political scientists typically refer to the autore-
gressive distributed lag model as an ADL, Pesaran, Shin
and Smith (2001) prefer ARDL. For their bounds test of
cointegration, they estimate the model as a GECM.20

The ARDL approach is one of the approaches recom-
mended by Grant and Lebo and is especially advantageous
in the current context because two critical values are pro-
vided, one which assumes all stationary regressors and one
which assumes all integrated regressors. Values in between
these “bounds” correspond to a mix of integrated and sta-
tionary regressors, meaning the bounds approach is espe-
cially appropriate when the analysis includes both types of
regressors. Grant and Lebo (2016, 19) correctly acknowl-
edge that “With the bounds testing approach, the regres-
sors can be of mixed orders of integration—stationary, non-

17These results are consistent with the unit root tests Volscho and Kelly report in the supplementary materials to their article. Grant and Lebo’s
analysis also supports this conclusion. In their supplementary appendix, Grant and Lebo estimate the order of integration d=0.93 with a standard
error of (0.10), indicating they cannot reject the null hypothesis that d=1.0.

18Although the dependent variable is pre-tax income, Volscho and Kelly identify several mechanisms that could lead tax rates to influence pre-tax
income share (also see, Mertens 2015, Piketty, Saez and Stantcheva 2014). Based on existing research, it also would not be surprising if we observed
evidence of a relationship between the top 1 percent’s income share and union strength (for recent examples, see Jacobs and Myers 2014, Pontusson
2013, Western and Rosenfeld 2011) and the partisan composition of government (Bartels 2008, Hibbs 1977, Kelly 2009).

19When using the error correction parameter in the GECM to evaluate cointegration, the correct Ericsson and MacKinnon (2002) critical values
must be used. When doing so, we find evidence of cointegration for Volscho and Kelly’s (2012) preferred specification (Model 5).

20Recall that the ADL, ARDL, and GECM all refer to equivalent models.
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stationary, or fractionally integrated—and the use of bounds
allow the researcher to make inferences even when the inte-
gration of the regressors is unknown or uncertain.”21 Since
Table 3 indicates we have a mix of stationary and integrated
regressors, if our critical value exceeds the highest bound,
we will have evidence of cointegration.

The ARDL approach proceeds in several steps.22 First,
if the dependent variable is integrated, the ARDL model
(which is equivalent to the GECM) is estimated. Next, if
the residuals from this model are stationary, an F-test is
conducted to evaluate the null hypothesis that the combined
effect of all lagged variables in the model equals zero. This F
statistic is compared to the appropriate critical values (Pe-
saran, Shin and Smith 2001). We rely on the small-sample
critical values from Narayan (2005). If there is evidence of
cointegration, both long and short-run relationships from
the initial ARDL (i.e., ADL/GECM) model can be evalu-
ated.

Our analysis focuses on Column 5 from Volscho and
Kelly’s Table 1, which is their preferred model. The first
column of our Table 4, below, shows that we successfully
replicate their results. The ARDL analysis appears in Col-
umn 2.23 The key difference between this specification and
that of Volscho and Kelly’s is that they (based on a Breusch-
Godfrey test) employed the Prais-Winsten estimator to cor-
rect for serially correlated errors and we do not. Our deci-
sion reflects the fact that other tests do not reject the null
of white noise, e.g., the Portmanteau (Q) test produces a
p-value of 0.12, and it allows us to compare the results with
and without the correction. Also note that an expanded
model including lagged differenced dependent and indepen-
dent variables (see Appendix Table 5) produces very similar
estimates to those shown in column 2 of Table 4, and a
Breusch-Godfrey test indicates that the resulting residuals
are uncorrelated.

To begin with, we need to test for cointegration. For this,
we compare the F-statistic from the lagged variables (6.54)
with the Narayan (2005) upper (I(1)) critical value (3.82),
which provides evidence of cointegration.24 The Bounds t-
test also supports this inference, as the t-statistic (-7.75) for
the Yt−1 parameter is greater (in absolute terms) than the
I(1) bound tabulated by Pesaran, Shin and Smith (2001,

303). Returning to the results in Column 2, we see that the
ARDL approach produces similar conclusions to Column
1. (Philips (2016) uses the ARDL approach to re-consider
the first model in Volscho and Kelly’s (2012) Table 1 and
also obtains similar results.) The coefficients for all but two
of the independent variables have similar effects, i.e., the
same sign and statistical significance.25 The exceptions are
Divided Governmentt−1 and ∆Trade Openness, for which
the coefficients using the two approaches are similar but
the standard errors differ substantially. Consistent with the
existing research on the subject, we find evidence that eco-
nomics, politics, and policy matter for the share of income
going to the top 1 percent.

Although Grant and Lebo (2016, 18) recommend both
the ARDL approach and a three-step fractional error correc-
tion model (FECM) approach, they only report the results
for the latter in their re-analysis of Volscho and Kelly.26 It
turns out that the two approaches produce very different re-
sults. This can be seen in column 3 of Table 4, which reports
Grant and Lebo’s FECM reanalysis of Volscho and Kelly
Model 5 (from Grant and Lebo’s supplementary appendix,
p.50). With their approach, only the change in stock prices
(Real S&P 500 Index) and Trade Openness are statistically
significant (p<.05) predictors of income shares, though lev-
els of stock prices and trade openness also matter via the
FECM component, which captures disequilibria between
those variables and lagged income shares. Despite theo-
retical and empirical evidence suggesting that the marginal
tax rate (Mertens 2015, Piketty, Saez and Stantcheva 2014),
union strength (Jacobs and Myers 2014, Pontusson 2013,
Western and Rosenfeld 2011) and the partisan composition
of government (Bartels 2008, Hibbs 1977, Kelly 2009) can in-
fluence the pre-tax income of the upper 1 percent, we would
conclude that only trade openness and stock prices influ-
ence the pre-tax income share of richest Americans. Of
course, analysts might reasonably prefer alternative mod-
els to the ones Volscho and Kelly estimate, perhaps opting
for a more parsimonious specification, allowing endogenous
relationships, and/or including alternate lag specifications.
The key point is that, given the particular model, the ARDL
and three–step FECM produce very different estimates.

21It is not clear why Grant and Lebo seemingly contradict their statement that “Mixing together series of various orders of integration will mean
a model is misspecified” (p.4) in this context, especially since the ARDL is equivalent to the GECM, but they are correct to do so.

22For a concise overview of the ARDL approach, see http://davegiles.blogspot.ca/2013/06/ardl-models-part-ii-bounds-tests.html.
23We exactly follow their lag structure and the assumption of a single endogenous variable, which seemingly is incorrect but possibly intractable.
24The 5 percent critical value when T=60 with an unrestricted intercept and no trend is 3.823. Narayan (2005) only reports critical values for

up to 7 regressors. However, the size of the critical value decreases as the number of regressors increases (Narayan 2005, Pesaran, Shin and Smith
2001), so our reliance on the the critical value based on 7 regressors is actually a conservative test of cointegration. We also tested for integration
allowing for short-run effects of all integrated variables and we again find evidence of cointegration (F = 4.32).

25This reveals that explicitly taking into account serial correlation, which Volscho and Kelly did, has modest consequences.
26As Grant and Lebo (2016, 18) explain, the three–Step FECM proceeds as follows. First, Y is regressed on X and the residuals are obtained.

The fractional difference parameter, d, is then estimated for each of the three series (Y , X, and the residuals). Grant and Lebo explain that if d for
the residuals is less than d for both X and Y , then error correction is occurring. If this is the case, the researcher then fractionally differences Y ,
X, and the residual by each one’ĂŹs own d value. Finally, the researcher regresses the fractionally differenced Y and the fractionally differenced
X, and the lag of the fractionally differenced residual (Grant and Lebo 2016, 18). This regression produces the results reported in Column 3 of
Table 4.

http://davegiles.blogspot.ca/2013/06/ardl-models-part-ii-bounds-tests.html
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Table 4: Replication of Volscho & Kelly (2012) Table 1, Column 5 with the ARDL Bounds Test and the Three-Step FECM
employed by Grant and Lebo

(1) (2) (3)
V&K ARDL G&L 3-Step

Replication FECM

Top 1% Sharet−1 -0.65* -0.93*
(0.10) (0.12)

% Congressional Dem.t−1 -0.05* -0.06* ∆d % Congressional Dem. -0.01
(0.02) (0.02) (0.04)

Divided Governmentt−1 -0.37* -0.42 ∆d Divided Government 0.15
(0.17) (.24) (0.36)

Union Membershipt−1 -0.28* -0.41* ∆d Union Membership -0.06
(0.07) (0.09) (0.26)

Top Marginal Tax Ratet−1 -0.03* -0.05* ∆d Top Marginal Tax Rate -0.02
(0.01) (0.02) (0.03)

∆ Capital Gains Tax Rate -0.03 -0.05 ∆d Capital Gains Tax Rate -0.07
(0.03) (0.04) (0.05)

Capital Gains Tax Ratet−1 -0.06* -0.08*
(0.02) (0.02)

3-Month Treasury Billt−1 0.01 0.02 ∆d 3-Month Treasury Bill -0.13
(0.04) (0.06) (0.14)

∆ Trade Opennesst 0.20* 0.22 ∆d Trade Openness 0.38*
(0.01) (0.12) (0.19)

Log Real GDPt−1 -5.04* -8.12* ∆d Log Real GDP 3.35
(1.45) (1.87) (6.89)

∆ Real S&P 500 Indext 0.06* 0.06* ∆d Real S&P 500 Index 0.07*
(0.01) (0.01) (0.01)

Real S&P 500 Indext−1 0.03* 0.05*
(0.01) (0.01)

Shiller Home Price Indext−1 0.28* 0.43* ∆d Shiller Home Price Index 0.32
(0.07) (0.10) (0.27)

FECM -0.35*
(0.14)

Constant 58.99* 91.13* 0.01
(14.27) (18.10) (0.18)

Adj. R2 0.76 0.67 0.36

Notes: Regression coefficients with standard errors in parentheses, * p < .05. The V&K replication (1) is
based on Column 5 of their Table 1 and relies on the Prais-Winsten (GLS) estimator. The G&L results
(3) come from the Supplementary Materials (p.50) to Grant and Lebo (2016). FECM reflects the long-term
equilibrium relationship of both Trade Openness and Real S&P Composite Index and the other coefficients
reflect estimated short run effects based on G&L’s Three-Step FECM.

Conclusions

In his contribution to the PA symposium, John Freeman
wrote, “It now is clear that equation balance is not un-
derstood by political scientists” (Freeman 2016, 50). Our
goal has been to help clarify misconceptions about equation
balance. In particular, we have shown that mixing orders
of integration in a GECM/ADL model does not automati-

cally lead to an unbalanced equation. As the title of Lebo
and Grant’s second contribution to the symposium (“Equa-
tion Balance and Dynamic Political Modeling”) illustrates,
equation balance was a central theme of the symposium. Al-
though others have responded to particular criticisms within
the PA symposium (e.g., Enns et al. (2016)), this article is
the first to address the symposium’s discussion and recom-
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mendations related to equation balance.

Because they are related, it is easy to (erroneously) con-
clude that mixing orders of integration is synonymous with
an unbalanced equation. It would be wrong, however, to
reach this conclusion. We have focused on two types of
time series: stationary and unit–root series and we have
found that situations exist when it is unproblematic—and
inconsequential—to mix these types of series (because the
equation is balanced).27

These results help clarify existing time series research
(e.g., Banerjee et al. 1993, Sims, Stock and Watson 1990) by
showing that when we use a GECM/ADL to model dynamic
processes, even mixed orders of integration can produce bal-
anced equations. The findings also lead to three recommen-
dations for researchers. First, scholars should not automat-
ically dismiss existing time series research that mixes orders
of integration. Even when series are of different orders of
integration or when the equation transforms variables in a
way that leads to different orders of integration, the equa-
tion may still be balanced and the model correctly specified.
In fact, we identified, and our simulations confirmed, spe-
cific scenarios when integrated and stationary time series
can be analyzed together. Second, as we showed with our
simulations and with our applied example, researchers must
evaluate whether they have equation balance based on both
the univariate properties of their variables and the model
they specify. Third and finally, our results show that re-
searchers do not always need to pre-whiten their data to
ensure equation balance. Although pre-whitening time se-
ries will sometimes be appropriate, we have shown that this
step is not a necessary condition for equation balance. This
is important because such data transformations are poten-
tially quite costly, specifically, in the presence of equilibrium
relationships. As we saw above, Grant and Lebo’s decision
to pre-whiten Volscho and Kelly’s data with their three-step
FECM may be one such example.
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Appendix 1 Alternate ARDL Model Specification

Table 5: Alternate Specification of the ARDL Model in Table 4

Top 1% Sharet−1 -0.88*
(0.13)

∆ Top 1% Sharet−1 -0.24*
(0.10)

% Congressional Dem.t−1 -0.06*
(0.02)

Divided Governmentt−1 -0.42
(0.22)

Union Membershipt−1 -0.36*
(0.09)

Top Marginal Tax Ratet−1 -0.04*
(0.02)

∆ Capital Gains Tax Ratet -0.08*
(0.04)

∆ Capital Gains Tax Ratet−1 0.06
(0.04)

Capital Gains Tax Ratet−1 -0.11*
(0.02)

3-Month Treasury Billt−1 -0.01
(0.06)

∆ Trade Opennesst 0.17
(0.11)

∆ Trade Opennesst−1 0.14
(0.11)

Log Real GDPt−1 -6.54*
(1.85)

∆ Real S&P 500 Indext 0.06*
(0.01)

∆ Real S&P 500 Indext−1 0.03*
(0.01)

Real S&P 500 Indext−1 0.04*
(0.01)

Shiller Home Price Indext−1 0.38*
(0.10)

Constant 77.52*
(18.17)

Breusch-Godfrey 0.13

Notes: The null hypothesis for
the Breusch-Godfrey LM test is
no autocorrelation.
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Introduction

A large and interdisciplinary group of researchers recently
proposed redefining the conventional threshold of statisti-
cal significance from p < 0.05 to p < 0.005, both two-
tailed (Benjamin et al., 2017). The purpose of the reform
is to “immediately improve the reproducibility of scientific
research in many fields” (p.5); this comes in the context
of recent large-scale replication efforts that have uncovered
startlingly low rates of replicability among published results
(e.g., Klein et al., 2014; Open Science Collaboration, 2015).
Recent work suggests that results that meet a more strin-
gent standard for statistical significance will indeed be more
reproducible (Johnson, 2013; Esarey and Wu, 2016; John-
son et al., 2017). Reproducibility should be improved by
this reform because the false discovery rate, or the propor-
tion of statistically significant findings that are null rela-
tionships (Benjamini and Hochberg, 1995), is reduced by its
implementation. Benjamin et al. (2017) explicitly disavow
a requirement that results meet the stricter standard in or-
der to be publishable, but in the past statistical significance
has been used as a necessary condition for publication (Ster-
ling, 1959; Sterling, Rosenbaum and Winkam, 1995) and we
must therefore anticipate that a redefinition of the threshold
for significance may lead to a redefinition of standards for
publishability.

As a method of screening empirical results for publisha-
bility, the conventional p < 0.05 null hypothesis significance
test (NHST) procedure lies on a kind of Pareto frontier: it
is difficult to improve its qualities on one dimension (i.e.,
increasing the replicability of published research) without
degrading its qualities on some other important dimension.
This makes it hard for any proposal to displace the conven-
tional NHST: such a proposal will almost certainly be worse
in some ways, even if it is better in others. For moving the
threshold for statistical significance from 0.05 to 0.005, the
most obvious tradeoff is that the power of the test to detect
non-null relationships is harmed at the same time that the
size of the test (i.e., its propensity to mistakenly reject a true
null hypothesis) is reduced. The usual way of increasing the
power of a study is to increase the sample size, N ; given
the fixed nature of historical time-series cross-sectional data
sets and the limited budgets of those who use experimental
methods, this means that many researchers may feel forced

to accept less powerful studies and therefore have fewer op-
portunities to publish. Additionally, reducing the threshold
for statistical significance can exacerbate publication bias,
i.e., the extent to which the published literature exagger-
ates the magnitude of an relationship by publishing only
the largest findings from the sampling distribution of a rela-
tionship (Sterling, Rosenbaum and Winkam, 1995; Scargle,
2000; Schooler, 2011; Esarey and Wu, 2016).

Simply accepting lower power in exchange for a lower
false discovery rate would increase the burden on the most
vulnerable members of our community: assistant professors
and graduate students, who must publish enough work in
a short time frame to stay in the field. However, there is
a way of maintaining adequate power using p < 0.005 sig-
nificance tests without dramatically increasing sample sizes:
design studies that conduct conjoint tests of multiple pre-
dictions from a single theory (instead of individual tests of
single predictions). When K-many statistically independent
tests are performed on pre-specified hypotheses that must
be jointly confirmed in order to support a theory, the chance
of simultaneously rejecting them all by chance is αK where
p < α is the critical condition for statistical significance in
an individual test. As K increases, the α value for each in-
dividual study can fall and the overall power of the study
often (though not always) increases. It is important that
hypotheses be specified before data analysis and that failed
predictions are reported; simply conducting many tests and
reporting the statistically significant results creates a multi-
ple comparison problem that inflates the false positive rate
(Sidak, 1967; Abdi, 2007). Because it is usually more feasi-
ble to collect a greater depth of information about a fixed-
size sample rather than to greatly expand the sample size,
this version of the reform imposes fewer hardships on scien-
tists at the beginning of their careers.

I do not think that an NHST with a lowered α is the best
choice for adjudicating whether a result is statistically mean-
ingful; approaches rooted in statistical decision theory and
with explicit assessment of out-of-sample prediction have
advantages that I consider decisive. However, if reducing
α prompts us to design research stressing the simultane-
ous testing of multiple theoretical hypotheses, I believe this
change would improve upon the status quo—even if passing
this more selective significance test becomes a requirement
for publication.

False discovery rates and the null hypothesis
significance test

Based on the extant literature, I believe that requiring pub-
lished results to pass a two-tailed NHST with α = 0.05 is
at least partly responsible for the “replication crisis” now
underway in the social and medical sciences (Wasserstein
and Lazar, 2016). I also anticipate that studies that can
meet a lowered threshold for statistical significance will be
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more reproducible. In fact, I argued these two points in a
recent paper (Esarey and Wu, 2016). Figure 1 reproduces a
relevant figure from that article; the y-axis in that figure is
the false discovery rate (Benjamini and Hochberg, 1995), or
FDR, of a conventional NHST procedure with an α given by
the value on the x-axis. Written very generically, the false
discovery rate is:

FDR = Pr(null hypothesis is true | result is stat. sig.)

= A

A+B

A = Pr(result is stat. sig. | null hypothesis is true)
× Pr(null hypothesis is true)

B = Pr(result is stat. sig. | null hypothesis is false)
× (1− Pr(null hypothesis is true))

or, the proportion of statistically significant results
(“discoveries”) that correspond to true null hypothe-
ses. A is a function of the power of the test,
Pr(stat. sig.|null hypothesis is true). B is a function of
the size of the test, Pr(stat. sig.|null hypothesis is false).
Both A and B are a function of the underlying pro-
portion of null hypotheses being proposed by researchers,
Pr(null hypothesis is true).

As Figure 1 shows, when Pr(null hypothesis is true) is
large, there is a very disappointing FDR among results that
pass a two-tailed NHST with α = 0.05. For example, when
90% of the hypotheses tested by researchers are false leads
(i.e., Pr(null hypothesis is true) = 0.9), we may expect
nearly ≈ 30% of discoveries to be false when all studies have
perfect power (i.e., Pr(stat. sig.|null hypothesis is false) =
1). Two different studies applying disparate methods to
data from the Open Science Collaboration’s replication
project data (2015) have determined that approximately
90% of researcher hypotheses are false (Johnson et al., 2017;
Esarey and Liu, 2017); consequently, an FDR in the pub-
lished literature of at least 30% is attributable to this mech-
anism. Even higher FDRs will result if studies have less
than perfect power.

By contrast, Figure 1 also shows that setting α ≈ 0.005
would greatly reduce the false discovery rate, even when the
proportion of null hypotheses posed by researchers is ex-
tremely high. For example, if 90% of hypotheses proposed
by researchers are false, the lower bound FDR in the pub-
lished literature among studies meeting the higher standard
would be about 5%. Although non-null results are not al-
ways perfectly replicable in underpowered studies (and null
results have a small chance of being successfully replicated),
a reduction in the FDR from ≈ 30% to ≈ 5% would al-
most certainty and drastically improve the replicability of
published results.

Figure 1: Expected lower bound FDR calcula-
tions as a function of the threshold for statisti-
cal significance and the background (prior) proba-
bility that a proposed hypothesis is false (Figure 2
from Esarey and Wu (2016)). The false discovery
rate, Pr(null hypothesis is true|result is stat. sig.), is
on the y-axis; the x-axis is the p-value threshold for
statistical significance, α. The histogram shows the
proportion of p-values in bins of width 0.005 for 142
published and statistically significant results in a data
set of articles from the American Political Science Re-
view vols. 102-107 and American Journal of Political
Science vols. 54-57. All studies are assumed to have
Pr(stat. sig.|null hypothesis is false) = 1 in order to
achieve a lower bound for the FDR estimate.

The Pareto frontier of adjudicating statisti-
cally meaningful results

Despite this and other known weaknesses of the current
NHST, it lies on or near a Pareto frontier of possible ways
to classify results as “statistically meaningful” (one aspect
of being suitable for publication). That is, it is challeng-
ing to propose a revision to the NHST that will bring im-
provements without also bringing new or worsened prob-
lems, some of which may disproportionately impact certain
segments of the discipline. Consider some dimensions on
which we might rate a statistical test procedure, the first
few of which I have already discussed above:

1. the false discovery rate created by the procedure, itself
a function of:

(a) the power of the procedure to detect non-zero
relationships, and

(b) the size of the procedure, its probability of re-
jecting true null hypotheses;
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2. the degree of publication bias created by the proce-
dure, i.e., the extent to which the published literature
exaggerates the size of an effect by publishing only the
largest findings from the sampling distribution of a re-
lationship (Sterling, Rosenbaum and Winkam, 1995;
Scargle, 2000; Schooler, 2011; Esarey and Wu, 2016);

3. the number of researcher assumptions needed to exe-
cute the procedure, a criterion related to the consis-
tency of the standards implied by use of the test; and

4. the complexity, or ease of use and interpretability, of
the procedure.

It is hard to improve on the NHST in one of these dimen-
sions without hurting performance in another area. In par-
ticular, lowering α from 0.05 to 0.005 would certainly lower
the power of most researchers’ studies and might increase
the publication bias in the literature.

Size/power tradeoffs of lowering α

Changing the α of the NHST from 0.05 to 0.005 is a text-
book example of moving along a Pareto frontier because the
size and the power of the test are in direct tension with one
another. Because powerful research designs are more likely
to produce publishable results when the null is false, main-
taining adequate study power is especially critical to junior
researchers who need publications in order to stay in the
field and advance their careers. The size/power tradeoff is
depicted in Figure 2.

Figure 2 depicts two size and power analyses for a coeffi-
cient of interest β. I assume that σβ̂ , the standard deviation
of the sampling distribution of β, is equal to 1; I also assume
100 degrees of freedom (typically corresponding to a sample
size slightly larger than 100. In the left panel (Figure 2a),
the conventional NHST with α = 0.05 is depicted. In the
right panel (Figure 2b), the Benjamin et al. (2017) pro-
posal to decrease α to 0.005 is shown. The power analyses
assume that the true β = 3, while the size analyses assume
that β = 0.

(a) Conventional NHST, two-tailed α = 0.05 (b) Proposed NHST, two-tailed α = 0.005

Figure 2: Tradeoff in size and power when α is reduced from 0.05 to 0.005. Size and power calculations for a coefficient of
interest β include lower tail areas not depicted in figure. All calculations assume 100 degrees of freedom. The size calculations
assume β = 0 and σβ = 1 (i.e., a standard t-density). The power calculations assume β = 3 and σβ̂ = 1 (i.e., a t-density with
non-centrality parameter λ = 3).



16 The Political Methodologist, vol. 24, no. 2

The most darkly shaded area under the right hand tail
of the t-distribution under the null is the probability of in-
correctly rejecting a true null hypothesis, α. As the figure
shows, it is impossible to shrink α without simultaneously
shrinking the lighter shaded area, where the lighter shad-
ing depicts the power of a hypothesis test to correctly reject
a false null hypothesis. This tradeoff can be more or less
severe (depending on β and σβ̂), but always exists. The
false discovery rate will still (almost always) improve when
α falls from 0.05 to 0.005, despite the loss in power, but
many more true relationships will not be discovered under
the latter standard.

Increased publication bias associated with
lowered α

The size/power tradeoff is not the only compromise associ-
ated with lowering α: in some situations, decreased α can
increase the publication bias associated with using statisti-
cal significance tests as a filter for publication. Of course,
Benjamin et al. (2017) explicitly disavow using an NHST

with lowered α as a necessary condition for publication; they
say that “results that would currently be called ‘significant’
but do not meet the new threshold should instead be called
‘suggestive”’ (p. 5). However, given the fifty year history of
of requiring results to be statistically significant to be pub-
lishable (Sterling, 1959; Sterling, Rosenbaum and Winkam,
1995), we must anticipate that this pattern could continue
into the future.

Consider Figure 3, which shows two perspectives on how
decreased α might impact publication bias. The left panel
(Figure 3a) shows the percentage difference in magnitude
between a true coefficient β = 3 and the average statis-
tically significant coefficient using an NHST with various
values of α.1 The figure shows that decreased values of α
increase the degree of publication bias; this occurs because
stricter significance tests tend to reject only the largest esti-
mates from a sampling distribution, as also shown in Figure
2. On the other hand, the right panel (Figure 3b) shows the
percentage difference in magnitude from a true coefficient
drawn from a spike-and-normal prior density of coefficients:

f(β) ∼ 1(β = 0) ∗ 0.5 + φ(µ = 0, σ = 3) ∗ 0.5

(a) Bias of Single Coefficient, β = 3 (b) Bias of Distribution of Coefficients,
f(β) ∼ 1(β = 0) ∗ 0.5 + φ(µ = 0, σ = 3) ∗ 0.5

Figure 3: Publication bias created by statistical significance tests with varying α. Each graph is created by drawing ten
million samples (representing β̂) from either (a) a t-density with non-centrality parameter λ = 3 and 100 degrees of freedom,
or (b) a draw from a spike-and-normal prior density f(β) plus sampling variation (represented by a draw from a standard

t-density with 100 degrees of freedom). The y-axis shows the mean value of (β̂ − β)/µβ for statistically significant values of

β̂ given the α indicated on the x-axis where µβ is the mean value of the true value of β.

1Specifically, I measure E[(β̂ − 3)/3], where β̂ is a statistically significant estimate.
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where there is a substantial (50%) chance of a null relation-
ship being studied by a researcher; 1(β = 0) is the indicator
function for a null relationship.2 In this case, increasingly
strict significance tests tend to decrease publication bias, be-
cause the effect of screening out null relationships (which are
greatly overestimated by any false positive result) is stronger
than the effect of estimating only a portion of the sampling
distribution of non-null relationships (which drives the re-
sult in the left panel).

Adapting to a lowered α

If the proposal of Benjamin et al. (2017) is simply to accept
lowered power in exchange for lower false discovery rates,
it is a difficult proposal to accept. First and foremost, as-
sistant professors and graduate students must publish a lot
of high-quality research in a short time frame and may be
forced to leave the discipline if they cannot; higher standards
that are an inconvenience to tenured faculty may be harm-
ful to them unless standards for hiring and tenure adapt
accordingly. In addition, even within a particular level of
seniority, this reform may unlevel the playing field. Polit-
ical scientists in areas that often observational data with
essentially fixed N , such as International Relations, would
be disproportionately affected by such a change: more his-
torical data cannot be created in order to raise the power
of a study. Among experimenters and survey researchers,
those with smaller budgets would also be disproportionately
affected: they cannot afford to simply buy larger samples to
achieve the necessary power. Needless to say, the effect of
this reform on the scientific ecosystem would be difficult to
predict and not necessarily beneficial; at first glance, such a
reform seems to benefit the most senior scholars and people
at the wealthiest institutions.

However, I believe that acquiescence to lower power is
not the only option. It may be difficult or impossible for
researchers to collect larger N , but it is considerably easier
for them to measure a larger number of variables of interest
K from their extant samples. This creates the possibility
that researchers can spend more time developing and en-
riching their theories so that these theories make multiple
predictions. Testing these predictions jointly typically al-
lows for much greater power than testing any single predic-
tion alone, as long as any prediction is clearly laid out prior
to analysis and all failed predictions are reported in order
to avoid a multiple comparison problem (Sidak, 1967; Abdi,
2007); predictions must be specified in advance and failed
predictions must be reported because simply testing numer-

ous hypotheses and reporting any that were confirmed tends
to generate an excess of false positive results.

When K-many statistically independent hypothesis tests
are performed using a significance threshold of α and all
must be passed in order to confirm a theory,3 the chance
of simultaneously rejecting them all by chance is α̃ = αK .
Fixing α̃ = 0.005, it is clear that increasing K allows the in-
dividual test’s α to be higher.4 Specifically, α must be equal
to (α̃)1/K in order to achieve the desired size. That means
that two statistically independent hypothesis tests can have
their individual α ≈ 0.07 in order to achieve a joint size of
0.005; this is a lower standard on the individual level than
the current 0.05 convention. When k = 3, the individual
α ≈ 0.17.

When will conducting a joint test of multiple hypotheses
yield greater power than conducting a single test? If two hy-
pothesis tests are statistically independent5 and conducted
as part of a joint study, this will occur when:

P1(α̃) < P1(α̃1/2)P2(α̃1/2) (1)

P1(α̃)
P1(α̃1/2)

< P2(α̃1/2) (2)

Pk(a) = τk(−t?(a)) + (1− τk(t?(a))))

Here, τk is the non-central cumulative t-density corre-
sponding to the sampling distribution of βk, k ∈ {1, 2}; I
presume that k is sorted so that tests are in descending or-
der of power. t?(a) is the positive critical t−statistic needed
to create a single two-tailed hypothesis test of size a. The
left hand side of equation (1) is the power of the single hy-
pothesis test with the greatest power; the right hand side
of (1) is the power of the joint test of two hypotheses. As
equation (2) shows, the power of the joint test is larger when
the proportional change in power for the test of β1 is less
than the power for the test of β2. Whether this condition is
met depends on many factors, including the magnitude and
variability of β1 and β2.

To illustrate the potential for power gains, I numerically
calculated the power of joint tests with size α̃ = 0.005 for the
case of one, two, and three statistically independent individ-
ual tests. For this calculation, I assumed three relationships
β = βk with equal magnitude and sign, k ∈ {1, 2, 3} with
σβ̂k

= 1; thus, each one of the three tests has identical power
when conducted individually. I then calculated the power of

each joint test
(
τk(−t?(a)) + (1− τ(t?((α̃)1/k)))

)k
for each

value of k and for varying values of β, where τ is the non-
central cumulative t-density with non-centrality parameter
equal to β. Note that, as before, I define t?(a) as the critical

2Here, I measure E[(β̂ − β)/µbeta], where µβ is the mean of f(β).
3The points in this paragraph are similar to those made by Esarey and Sumner (2017, pp. 15-19).
4For statistically correlated tests, the degree to which α > α̃ is smaller; at the limit where all the hypothesis tests are perfectly correlated,

α = α̃.
5Correlated significance tests require the creation of a joint distribution τ on the right hand side of equation (1) and the determination of a

critical value t? such that
∫∞
t?

∫∞
t?

τ(t1, t2)dt1dt2 = α̃; while practically important, this analysis is not as demonstratively illuminating as the case

of statistically independent tests.
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t-statistic for a single two-tailed test with size a. The result
is illustrated in Figure 4.

Figure 4 shows that joint hypothesis testing creates sub-
stantial gains in power over single hypothesis testing for
most values of β. There is a small amount of power loss
near the tails (where β ≈ 0 and β ≈ 6), but this is negligi-
ble.

Figure 4: Power calculations for joint tests of one,
two, and three statistically independent null hypothe-
ses. The joint test of K-many hypotheses derived
from a single theory is deemed passed when all rela-
tionships are statistically significant in individual two-
tailed tests with size α̃1/K , where α̃ is the target size
for the joint hypothesis test.

Conclusion: the NHST with lowered α is an
improvement, if we enrich our theories

There are reasons to be skeptical of the Benjamin et al.
(2017) proposal to move the NHST threshold for statisti-
cal significance from α = 0.05 to α = 0.005. First, there
is substantial potential for adverse effects on the scientific
ecosystem: the proposal seems to advantage senior scholars
at the most prominent institutions in fields that do not rely
on fixed-N observational data. Second, the NHST with a
reduced α is not my ideal approach to adjudicating which
results are statistically meaningful; I believe it is more ad-
vantageous for political scientists to adopt a statistical deci-

sion theory-oriented approach to inference6 and give greater
emphasis to cross-validation and out-of-sample prediction.

However, based on the evidence presented here and in
related work, I believe that moving the threshold for sta-
tistical significance from α = 0.05 to α = 0.005 would
benefit political science if we adapt to this reform by de-
veloping richer, more robust theories that admit multiple
predictions. Such a reform would reduce the false discov-
ery rate without reducing power or unduly disadvantaging
underfunded scholars or subfields that rely on historical ob-
servational data, even if meeting the stricter standard for
significance became a necessary condition for publication.
It would also force us to focus on improving our body of
theory; our extant theories lead us to propose hypotheses
that are wrong as much as 90% of the time (Johnson et al.,
2017; Esarey and Liu, 2017). Software that automates the
calculation of appropriate critical t-statistics for correlated
joint hypothesis tests would make it easier for substantive
researchers to make this change, and ought to be developed
in future work. This software has already been created for
joint tests involving interaction terms in generalized linear
models by Esarey and Sumner (2017), but the procedure
needs to be adapted for the more general case of any type
of joint hypothesis test.
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Introduction

There is a large and rapidly growing literature on inference
with clustered data, that is, data where the disturbances
(error terms) are correlated within clusters. The clusters
might be associated with, for example, jurisdictions, schools,
hospitals, industries, or time periods. Cameron and Miller
(2015) provides a very good survey. However, the litera-
ture is growing rapidly. More recent papers include Im-
bens and Kolesár (2016), MacKinnon and Webb (2017b),
Carter, Schnepel, and Steigerwald (2017), Pustejovsky and
Tipton (2017), Djogbenou, MacKinnon, and Nielsen (2017),
MacKinnon, Nielsen, and Webb (2017), and Esarey and
Menger (2017). Most of these papers are written by and
for economists, but the Esarey-Menger paper is specifically
aimed at researchers in political science.

Since the theoretical justification for cluster-robust stan-
dard errors is asymptotic, it is evident that we need suf-
ficiently large samples if we are to make valid inferences.
It has long been recognized that what matters is not the
number of observations but rather the number of clusters.
Based on the limited simulation evidence available at the
time it was written, Angrist and Pischke (2008, Chapter
8) suggested, not entirely seriously, that it is safe to use
cluster-robust standard errors whenever there are at least
42 clusters. But the evidence on which they based this sug-
gestion was for the best-case scenario of equal-size clusters
and continuous regressors.

More recent work suggests that, by itself, the number of
clusters does not tell us whether inference is likely to be re-
liable. MacKinnon and Webb (2017b) shows by simulation
that using cluster-robust t statistics can be quite unreliable
when there are either 50 or 100 clusters that are propor-
tional to the sizes of U.S. states (with each state appearing
twice in the latter case). In general, it seems to be the
case that, as cluster sizes become more unequal, inference
becomes less reliable.

Perhaps more surprisingly, MacKinnon and Webb
(2017b) also show that, when the regressor of interest is
a treatment dummy, cluster-robust standard errors can be
very much too small whenever the number of treated clusters
is small. This result is obtained by theory and confirmed by
simulation. It holds even when the total number of clusters
is very large. Previous simulation evidence on this point
may be found in Bell and McCaffrey (2002) and Conley
and Taber (2011). Since many applied studies in economics

and political science involve either pure treatment models
or difference-in-differences (DiD) models, this finding has
serious implications for applied work in both fields.

Bootstrap methods typically perform better than t tests,
but they can also yield very misleading inferences in some
cases. In particular, what would otherwise be the best vari-
ant of the wild bootstrap can underreject extremely severely
when the number of treated clusters is very small. Other
bootstrap methods can overreject extremely severely in that
case.

In Section 2, we briefly review the key ideas of cluster-
robust covariance matrices and standard errors. In Section
3, we then explain why inference based on these standard er-
rors can fail when there are few treated clusters. In Section
4, we discuss bootstrap methods for cluster-robust inference.
In Section 5, we report (graphically) the results of several
simulation experiments which illustrate just how severely
both conventional and bootstrap methods can overreject or
underreject when there are few treated clusters. In Section
6, the implications of these results are illustrated using an
empirical example from Burden, Canon, Mayer, and Moyni-
han (2017). Finally, Section 7 concludes and provides some
recommendations for empirical work.

Cluster-Robust Standard Errors

We are concerned with the linear regression model

y = Xβ + u, E(uu′) = Ω, (1)

where y and u are N × 1 vectors of observations and dis-
turbances, X is an N × k matrix of covariates, β is a k × 1
parameter vector, and the N ×N covariance matrix Ω is

Ω =


Ω1 O . . . O
O Ω2 . . . O
...

...
...

O O . . . ΩG

. (2)

There are G clusters, indexed by g, with Ng observations in
the gth cluster. For notational convenience, the observations
are assumed to be ordered by cluster, although this is not
necessary in practice. The Ng × Ng matrix Ωg is positive
definite. It is the covariance matrix for the observations be-
longing to the gth cluster. Thus Ω is block-diagonal, with
G diagonal blocks that correspond to the G clusters.

The true covariance matrix of the OLS estimator β̂ for
the model (1) is

Var(β̂) = (X ′X)−1X ′ΩX(X ′X)−1 (3)

= (X ′X)−1

(
G∑
g=1

X ′gΩgXg

)
(X ′X)−1,

where Xg denotes the Ng rows of X that belong to the
gth cluster. The most widely-used cluster-robust variance
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estimator, or CRVE, is

V̂ar(β̂) = G(N − 1)
(G− 1)(N − k) (X ′X)−1 (4)

×

(
G∑
g=1

X ′gûgû
′
gXg

)
(X ′X)−1.

The first factor here is asymptotically negligible, but it
always makes the CRVE larger when G and N are finite.1

Covariance matrix estimators like equation (4) are often re-
ferred to as “sandwich estimators” because there are two
identical pieces of “bread” on the outside and a “filling” in
the middle. The filling in the sandwich on the right-hand
side of equation (4) is evidently intended to estimate the
corresponding factor in equation (3). In both cases, the fill-
ing involves a sum of G k × k matrices. In the case of (4),
each of these matrices has rank one. Therefore, the matrix
(4) can have rank at most G.

The CRVE (4) is often called CV1, because it is the ana-
log of the heteroskedasticity-robust covariance matrix esti-
mator HC1; see MacKinnon (2012). A more complicated
CRVE, often called CV2, which is the analog of the HC2 es-
timator studied in MacKinnon and White (1985), was pro-
posed in Bell and McCaffrey (2002) and has recently been
advocated by Imbens and Kolesár (2016); see also Puste-
jovsky and Tipton (2017). CV2 generally has better finite-
sample properties than CV1. It does not solve the problems
associated with few treated clusters, but it can make them
less severe. Unfortunately, CV2 is considerably more ex-
pensive to compute than CV1 when the clusters are large.2

Although we do not discuss CV2 further, it should certainly
be considered for samples of moderate size.

The most common way to make inferences about any el-
ement of β, say βk, is to divide the OLS estimate β̂k by the
square root of the kth diagonal element of the CRVE (4) and
compare the resulting t statistic to the t(G−1) distribution.
This procedure, which can be much more conservative than
using the standard normal distribution when G is small, was
suggested in Bester, Conley, and Hansen (2011). There are
also several (moderately complicated) procedures for calcu-
lating the degrees of freedom based on X and the assumed
cluster structure; see Bell and McCaffrey (2002), Imbens
and Kolesár (2016), Young (2016), and Carter, Schnepel,
and Steigerwald (2017). These typically yield non-integer
degrees of freedom that are even smaller than G− 1.

Inference with Few Treated Clusters

The fundamental problem with CRVE-based inference when
there are few treated clusters is that, in such cases, the

residuals typically provide very poor estimates of the dis-
turbances for the treated clusters. Following MacKinnon
and Webb (2017b, Section 6), we consider the pure treat-
ment model

ygi = β1 + β2dgi + ugi, i = 1 . . . , Ng, g = 1, . . . , G, (5)

where dgi equals 1 for the first G1 clusters and 0 for the
remaining G0 = G − G1 clusters. In this model, every ob-
servation in the gth cluster is either treated (dgi = 1) or
not treated (dgi = 0). The analysis would be more compli-
cated if we included additional regressors, or allowed only
some observations within treated clusters to be treated, but
it would not change in any fundamental way.

From expression (4), it is not hard to show that, if we
omit the initial scalar factor, the CRVE for β̂2, the OLS
estimator of β2 in equation (5), is equal to∑G

g=1(dg − d̄ιg)′ûgû′g(dg − d̄ιg)(
(d− d̄ι)′(d− d̄ι)

)2 . (6)

Here d denotes the vector with typical element dgi, dg is
the subvector corresponding to cluster g, d̄ is the mean of
the dgi (that is, the proportion of the observations that are
treated), and ι and ιg are vectors of 1s, of lengths N and Ng,
respectively. The numerator of (6) is essentially the filling
in the CRVE sandwich, and the denominator is the square
of the bread. Only the numerator depends on the residuals.

Expression (6) would provide a good estimate of Var(β̂2)
if its numerator provided a good estimate of the filling in
the sandwich (3) specialized to the case of β2 in the treat-
ment model (5). In scalar notation, this numerator can be
written as

(1− d̄)2
G1∑
g=1

( Ng∑
i=1

ûgi

)2
+ d̄ 2

G∑
g=G1+1

( Ng∑
i=1

ûgi

)2
. (7)

Expression (7) is supposed to estimate the quantity

(1− d̄)2
G1∑
g=1

Ng∑
i=1

Ng∑
j=1

ωgij + d̄ 2
G∑

g=G1+1

Ng∑
i=1

Ng∑
j=1

ωgij , (8)

where ωgij is the ijth element of Ωg. But it does a terrible
job of doing so when the number of treated clusters is small.

The problem is that the residuals must sum to zero over
all the treated observations. Consider first the extreme case
in which only the observations in cluster 1 are treated. In
that case,

∑N1
i=1 û1i = 0. This implies that the first term

in expression (7) equals 0. The corresponding term on the
right-hand side of equation (8) is certainly not 0. In fact,
unless the proportion of treated observations is very large
(which seems improbable when only one cluster is treated),
the first term on the right-hand side of equation (8) will

1This particular factor is used by Stata and seems to have been introduced by them.
2In fact, with current computer hardware and software, it seems to become difficult to compute CV2 once any of the Ng exceeds 5000 or so;

see MacKinnon and Webb (2017a).
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typically be larger than the second term, because (1 − d̄)2

will typically be much larger than d̄ 2.
When two or more clusters are treated, the residuals for

each treated cluster will not sum to zero, but they must
sum to zero over all the treated clusters. Thus the sum
of squared summations in the first term of (7) will always
underestimate the corresponding triple summation in (8).
As MacKinnon and Webb (2017b, Appendix A.3) shows,
the underestimation should go away quite rapidly as G1 in-
creases. However, it is difficult to say just how large G1
needs to be, even for the very simple model (5), because
how well (7) estimates (8) depends on the sizes of the treated
and untreated clusters and on the Ωg matrices. For more
general models, it will also depend on the Xg matrices.

When the number of treated clusters is very small, it is
quite possible for the CRVE (6) to underestimate the true

variance of β̂2 by a factor of 25 or more, which implies that
cluster-robust t statistics may be too large by a factor of five
or more. This inevitably leads to confidence intervals that
are much too narrow and tests that overreject very severely.

Bootstrap Methods

One widely-used way to obtain more reliable inferences
than simply comparing a cluster-robust t statistic with the
t(G− 1) distribution is to use a bootstrap test. Several dif-
ferent bootstrap tests are available, and they can produce
very different results. As we will see in Section 5, bootstrap
tests often yield considerably more reliable inferences than
cluster-robust t tests, but they do not always work well. For
a general introduction to bootstrap hypothesis testing, see
Davidson and MacKinnon (2006).

When we perform a bootstrap test, we have to gen-
erate a large number of bootstrap samples. The alterna-
tive bootstrap methods that we consider differ only in how
these bootstrap samples are generated. One particularly im-
portant issue concerns whether or not the bootstrap data-
generating process, or DGP, imposes the null hypothesis.
For concreteness, suppose we wish to test the hypothesis
that βk, the last element of β, is zero. Then the bootstrap
DGP could use either β̂, the unrestricted vector of OLS es-
timates, or β̃, the vector with 0 as the last element and all
other elements equal to the restricted OLS estimates.

For example, in the case of the pure treatment model
(5), if the null hypothesis is that β2 = 0, then β̃1 = ȳ, the
sample mean, and β̃2 = 0. The estimate of β1 under the null
is just the sample mean in this simple case because, when
β2 = 0, equation (5) only contains a constant term. More
generally, we would need to re-estimate the model subject
to the restriction that βk = 0.

It is good to choose B, the number of bootstrap samples,
so that α(B+1) is an integer when α is the level of the test.
Thus good values of B include 999 and 9999. However, if
bootstrapping is very expensive, it may be possible to get

away with a much smaller value of B by using a sequential
procedure; see Davidson and MacKinnon (2000).

Assuming that B is fixed, the algorithm for computing
a bootstrap P value for the hypothesis that βk = 0 works
as follows:

1. Estimate model (1) by OLS regression of y on X to

obtain β̂ and V̂ar(β̂). Use these quantities to compute

the cluster-robust t statistic tk = β̂k/s.e.(β̂k), where

s.e.(β̂k) denotes the square root of the kth diagonal

element of V̂ar(β̂).

2. Generate bootstrap samples y∗b for b = 1, . . . , B, and
re-estimate the model (1) to obtain β̂∗b and V̂ar(β̂∗b).
The bootstrap samples may be generated in several
different ways; see below.

3. For each bootstrap sample, compute the bootstrap t
statistic, t∗bk , as either

t∗bkr = β̂∗bk
s.e.(β̂∗bk )

or t∗bku = β̂∗bk − β̂k
s.e.(β̂∗bk )

.

If the bootstrap data generating process (DGP) im-
poses the null hypothesis, use t∗bkr (the restricted ver-
sion). If the bootstrap DGP does not impose the null
hypothesis, use t∗bku (the unrestricted version).

4. Compute either the symmetric bootstrap P value

P̂ ∗S = 1
B

B∑
b=1

I
(
|t∗bk | > |tk|

)
(9)

or the equal-tail bootstrap P value

P̂ ∗ET = 1
B

min
(

B∑
b=1

I(t∗bk < tk),
B∑
b=1

I(t∗bk ≥ tk)
)
,

(10)
where I(·) denotes the indicator function, which equals
1 when its argument is true and 0 otherwise.

For many pure treatment and DiD models, we would ex-
pect tk to be approximately symmetric around zero under
the null hypothesis, so that equations (9) and (10) should
yield very similar P values. Of course, this would generally
not be true for dynamic models or models estimated by in-
strumental variables, since in both cases β̂k might well be
biased. In such cases, it would make sense to use P̂ ∗ET rather

than P̂ ∗S .
A number of different bootstrap methods can be used to

generate the bootstrap samples, and, as we show in the next
section, the finite-sample properties of these methods can
differ enormously. The best-known method is probably the
wild cluster bootstrap proposed in Cameron, Gelbach, and
Miller (2008). For the restricted version of this procedure,
we first re-estimate the model subject to the restriction(s)
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to be tested, so as to obtain restricted estimates β̃. The
bootstrap DGP is then

y∗bg = Xgβ̃ + v∗bg ũg, g = 1, . . . , G, (11)

where v∗bg is a random variate with mean 0 and variance 1.
A good choice in most cases is the Rademacher distribution,
which takes the values 1 and −1 with equal probability; see
Davidson and Flachaire (2008). Notice that, for each boot-
strap sample, there is only one realization of this random
variable for each cluster. In consequence, the bootstrap dis-
turbances, v∗bg ũg, are independent across clusters but are
supposed to mimic the covariance matrices of the residuals
within each cluster.3

Combining the bootstrap DGP (11) with the algorithm
given above yields a restricted wild cluster, or WCR, P
value. If we replaced β̃ and ũg in (11) by β̂ and ûg, re-
spectively, we would obtain an unrestricted wild cluster, or
WCU, P value. Note that, in the latter case, we must use
t∗bku rather than t∗bkr for the bootstrap test statistics. Oth-
erwise, the test would have no useful power. That is, the
power of the test would be very similar to its size.

Recently, MacKinnon and Webb (2017a) suggested that
it may be desirable to use the ordinary wild bootstrap in-
stead of the wild cluster bootstrap for the model (5) when
the number of treated clusters is small. The only differ-
ence between the restricted wild bootstrap (WR) and the
restricted wild cluster bootstrap (WCR) is that the ran-
dom variate vb∗g in equation (11) is replaced by Ng random

variates vb∗gi , i = 1, . . . , Ng. Since this eliminates the intra-
cluster correlation that the wild cluster bootstrap is trying
to capture, it may seem inappropriate. However, MacKin-
non and Webb (2017a) shows that it can work very well in
some cases, and Djogbenou, MacKinnon, and Nielsen (2017)
proves that it is asymptotically valid. Of course, there is also
an unrestricted wild bootstrap procedure (WU) which dif-
fers from WR in exactly the same way as WCU differs from
WCR.

One important limitation of the wild and wild cluster
bootstraps is that they can only be used with regression
models. The models do not have to be linear, like (1), but
they must have the form

ygi = f(Xgi,β) + ugi, (12)

where f(Xgi,β) is a possibly nonlinear regression function
that depends on a parameter vector β and a row vector of
regressors Xgi.

A very different way to generate bootstrap samples is
to use the pairs cluster bootstrap, which was proposed (un-
der a different name) in Bertrand, Duflo, and Mullainathan

(2004). The idea of the pairs cluster bootstrap is to resample
the entire [y X] matrix by cluster. Thus each bootstrap
sample consists of G submatrices chosen at random, with
replacement, from the G submatrices [yg Xg] and stacked
to form a matrix [y∗b X∗b].

The pairs cluster bootstrap has one major advantage. It
can be used for any sort of model in which the disturbances
may be clustered, not just regression models. In particular,
it can be used for binary response models such as the logit
and probit models. However, it also has two serious disad-
vantages. The first is that, unless Ng = N/G for all clusters,
the bootstrap samples will almost never be the same size as
the original sample. Some bootstrap samples will happen
to contain a relatively large proportion of big clusters, and
others will happen to contain a relatively large proportion
of small clusters. When the Ng vary a lot, so will the sizes
of the bootstrap samples. This will make it difficult for the
distribution of the t∗bk to mimic the distribution of tk.

The second disadvantage of the pairs cluster bootstrap
applies specifically to models with few treated clusters. We
know from the results in MacKinnon and Webb (2017b) (and
will also see in the next section) that the number of treated
clusters, G1, has an enormous impact on the rejection fre-
quency of a cluster-robust t test. But G1 necessarily varies
when we use the pairs cluster bootstrap. Some bootstrap
samples will contain more treated clusters than the actual
sample, and some will contain fewer. Indeed, when G1 is
small, some bootstrap samples may well contain no treated
clusters at all. This will happen for about 36.8% of them
when G1 = 1.4 When it does happen, β̂∗b cannot be com-
puted, and the bootstrap sample has to be thrown out.

Another class of simulation-based procedures that has
been proposed for making inferences about treatment ef-
fects at the cluster level is randomization inference, or RI.
It was first suggested in this context by Conley and Taber
(2011). Alternative RI procedures have been investigated
by Canay, Romano, and Shaikh (2017), Ferman and Pinto
(2015), and MacKinnon and Webb (2016). To keep this pa-
per focused and reasonable in length, we do not consider
any of these procedures in our simulations.

Simulation Experiments

In this section, we study the performance of cluster-robust
t tests and five different bootstrap tests using simulation
experiments. We study both the pure treatment model (5)
and a DiD regression model. Our focus is on the number
of treated clusters, G1, holding N and G fixed. We report

3When the number of clusters is small, the fact that a Rademacher random variate can take on only two values means that the number of
possible bootstrap samples, which is 2G, is rather small. For G ≤ 12, it may be better to use another discrete distribution which can take on six
values; see Webb (2014).

4The probability that any given cluster will not appear in a particular bootstrap sample is
(

(G − 1)/G
)G

. This converges to exp(−1) =
1/(2.71828) = 0.36788 as G→∞.
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all our results graphically, with 5% rejection frequencies5 on
the vertical axis and G1 on the horizontal axis.

The first set of experiments is for the pure treatment
model (5). The value of G is either 12 or 24, and we set
N = 100G. We would have obtained extremely similar re-
sults for most methods ifN had been 5, 10, or even 100 times
larger. The disturbances, ugi, are normally distributed and
generated by a random effects model with intra-cluster cor-
relation coefficient ρg = 0.05. We do not study the role of
ρg in detail because previous research (along with some ex-
periments that we do not report) has shown that it typically
has a very modest effect for the WCR and WCU bootstraps.
For obvious reasons, it does have a somewhat larger effect
for the WR and WU bootstraps, however.

Results in MacKinnon and Webb (2017b) show that the
amount of variation in cluster sizes can be very important.
In order to allow for possibly unbalanced cluster sizes, Ng
is determined by a parameter γ, as follows:

Ng =
[
N

exp(γg/G)∑G
j=1 exp(γj/G)

]
, g = 1, . . . , G− 1, (13)

where [·] denotes the integer part of its argument, and

NG = N −
∑G−1
j=1 Ng. Every Ng is equal to N/G = 100

when γ = 0. As γ increases or decreases, cluster sizes be-
come increasingly unbalanced. For γ > 0, the Ng increase
as g increases, and for γ < 0, they decrease.

All experiments have 400,000 replications. We use such a
large number because rejection frequencies often differ very
little among alternative methods, and it would otherwise be
difficult to distinguish between systematic differences and
experimental errors. All bootstrap methods use B = 399.

Panels a) and b) of Figure 1 show results for experiments
with G = 12. In panel a), γ = 0, so that Ng = 100 for all g.
In panel b), γ = 2, so that Ng increases from 34 to 217 as g
increases from 1 to 12. The clusters are always treated in in-
creasing order. Thus, if G1 = 2 and γ > 0, only the smallest
and second-smallest clusters are treated. This is probably
not very realistic, but it illustrates the importance of differ-
ing cluster sizes. In practice, even if cluster sizes varied a
lot, it would probably not often be the case that only the
very smallest (or very largest) clusters were treated. Thus
the results in panel b) are probably for an extreme case.

All the results in panel a) of Figure 1 are symmetric
around G1 = 6. This reflects the fact that, for constant
cluster sizes, there is no real difference between G1 and G0.
It is evident that the cluster-robust t statistic always over-
rejects, and it does so very severely for G1 ≤ 2 and G1 ≥ 10.
The pairs cluster and WCU bootstraps also overreject very
severely for G1 = 1 and G1 = 11, but they improve more

rapidly as G1 becomes less extreme, and the latter actually
performs very well for 4 ≤ G1 ≤ 8. In contrast, the pairs
bootstrap underrejects quite severely for those cases.

The WCR bootstrap underrejects extremely severely for
G1 = 1 and G1 = 11 (the actual rejection rates are about 1
in 10,000) and very severely for G1 = 2 and G1 = 10. How-
ever, it works quite well for 3 ≤ G1 ≤ 9. The performance
of the cluster-robust t statistic and the WCR and WCU
bootstraps here are precisely what the theoretical results in
MacKinnon and Webb (2017b, Section 6) predict.

To our knowledge, the performance of the pairs clus-
ter bootstrap for treatment models has not been studied.
However, it could have been predicted from the results of
Davidson and MacKinnon (1999). That paper studies the
size distortion of parametric bootstrap tests, and the value
of G1 here plays essentially the same role as the parameters
in that paper. The paper shows that whether a bootstrap
test overrejects or underrejects is determined by how much
the distributions of the bootstrap test statistics depend on
the parameter estimates and on how biased and noisy those
estimates are.

In the case of Figure 1, many of the errors in rejection
frequency for the pairs cluster bootstrap arise from the fact
that the bootstrap samples contain different groups. Imag-
ine a sample with four groups denoted A,B,C, and D, of
which only A is treated, so that G1 = 1. If we call the num-
ber of treated clusters in a bootstrap sample G∗1, then the
bootstrap sample {A,B,A,C} would have G∗1 = 2, whereas
the sample {B,D,B,C} would have G∗1 = 0. When G∗1 = 0,
we obviously cannot estimate the model, so any samples that
do not contain A would have to be discarded. Thus all the
bootstrap samples that we can actually use have G∗1 ≥ 1
(and also G∗0 ≤ 3). On average, the values of G∗1 must be
greater than G1 whenever G1 = 1.

The same thing happens in our experiments. When G1
is very small or very large, many of the bootstrap samples
have values of G∗1 that are less extreme than G1 itself. This
means that the actual t statistic tk is being compared with a
mixture of distributions, many of which involve less extreme
values ofG∗1. In contrast, whenG1 takes on values between 4
and 8, the bootstrap t statistics with which tk is being com-
pared are often associated with substantially more extreme
values of G∗1. In the former case, we get severe overrejection,
and in the latter case quite severe underrejection.

The WR and WU bootstraps work extraordinarily well
in panel a) of Figure 1. They perform well even for extreme
values of G1, and they differ noticeably from each other only
for G1 = 1 and G1 = 11. Note that they would have dif-
fered more for ρg > 0.05 and even less for ρg < 0.05. This is
precisely what the results of MacKinnon and Webb (2017a)

5A 5% rejection frequency is the proportion of the P values over the 400,000 replications that are below 0.05. If the null is true and the procedure
works perfectly, then the 5% rejection frequency should be 0.05, plus or minus a little bit of experimental error. When the true rejection frequency
is 0.05, the standard error of the estimate is 0.00034. Thus we would expect to see numbers between 0.04932 and 0.05068 about 95% of the time
for procedures that work perfectly.
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Figure 1: Rejection Frequencies for Pure Treatment Model
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predict. Unfortunately, those results require that all clusters
be the same size and have the same patterns of intra-cluster
correlation, which is the case in panel a) of the figure.

In panel b) of Figure 1, the variation in cluster sizes
causes a number of asymmetries. This is evident for all the
methods, but particularly for WCR, WR, and WU. In the
case of WCR, there is now underrejection for G1 = 3 as well
as G1 ≤ 2, and there is quite substantial overrejection for
G1 = 9 and G1 = 10. The two wild bootstrap methods, WR
and WU, both underreject for small values of G1 and overre-
ject for large values, as predicted in MacKinnon and Webb
(2017a). However, they still perform better than WCR and
WCU for the two largest and three smallest values of G1.

Panels c) and d) of Figure 1 are similar to panels a) and
b), respectively, except that G = 24 and G1 runs from 1 to
23. Many of the results do not change much when we dou-
ble the number of clusters. However, it is noteworthy that
rejection rates for the t statistic, the WCU bootstrap, and
the pairs cluster bootstrap are actually worse for G1 = 1
and G0 = 1 than they were before. On the other hand,
all methods now work better for intermediate values of G1,
with WCR and WCU performing very well for 8 ≤ G1 ≤ 16.

The pairs cluster bootstrap underrejects for all but the
three most extreme values of G1 and G0, but it does so much
less severely than in the top two panels. The latter could
have been predicted from the analysis above. The range of
values of G1 for which the rejection rates of the t statistic
do not change very much is now much wider. This means
that these rates do not vary as much across the G∗1 for the
various bootstrap samples as they did when G = 12, so that
the differences between the actual G1 for tk and the various
G∗1 for the corresponding tb∗k do not matter as much.

Overall, when we compare the results in the bottom two
panels with those in the top two, it appears that increasing
the number of clusters improves the performance of all meth-
ods, but only if G1/G is not too large or small. This is pre-
cisely what would be expected from the asymptotic theory
in Djogbenou, MacKinnon, and Nielsen (2017), where reg-
ularity conditions effectively require the number of treated
clusters to rise with (but not necessarily as fast as) the sam-
ple size.

The second set of experiments is for a DiD regression
model. The model that we estimate can be written as

ygi =
T∑
t=1

δtD
t
gi + β2dgi + ugi, (14)

i = 1 . . . , Ng, g = 1, . . . , G.
The constant term in (5) has been replaced by T dummy
variables Dt

gi, each of which takes the value 1 for observa-
tions associated with year t and 0 otherwise. The treatment

variable dgi now takes the value 1 only for treated clusters
during the years in which they are treated.

In practice, investigators would often add G− 1 dummy
variables for all but one of the clusters to regression (14).
We did not do so because it would have made the experi-
ments more expensive, and the cluster dummies would have
simply offset the cluster-specific shocks in the random ef-
fects specification of the ugi.

6 We choose which clusters are
to be treated and then allow our program to decide at ran-
dom when treatment is to commence. We set T = 20 and
allow treatment to start as early as year 6 and as late as
year 16.

The big difference between the treatment model (5) and
the DiD model (14) is that, for the latter, there is no sym-
metry between G1 and G0. In fact, it is entirely possible
to have G1 = G, so that G0 = 0. In that case, identifi-
cation comes from the fact that all of the treated clusters
contain some untreated observations. We therefore expect
results for small values of G1 to resemble the ones in Figure
1 but results for large values to be very different, and that
is indeed what we see in Figure 2.

The top two panels of Figure 2 are comparable to the
same two panels of Figure 1. Notice that G1 runs from 1 to
12 instead of from 1 to 11. In both cases, results for small
values of G1 are quite similar across the two figures. There is
severe overrejection for the t statistic, the WCU bootstrap,
and the pairs bootstrap, together with severe underrejec-
tion for the WCR bootstrap. However, the results for other
values of G1 are not very similar across the two figures. In
panel a), all the wild bootstrap methods work fairly well
for intermediate and large values of G1, and even the pairs
cluster bootstrap performs much better than it did before.
Perhaps surprisingly, the results for G1 = 12 are noticeably
better than for G1 = 11. This probably happens because
G0 = 1 when G1 = 11, and having just one non-treated
cluster tends to cause problems. In contrast, when G1 = 12,
there are no longer any non-treated clusters, just 12 clusters
with various proportions of treated observations.

Panel c) of Figure 2 deals with the case of G = 12 and
γ = −2. The variation in cluster sizes here is very similar
to the variation in panel b), but now the largest clusters are
treated first. There are some very substantial differences be-
tween panels b) and c). In the latter, WR and WU always
overreject, especially for small values of G1, and WCR over-
rejects for G1 ≥ 2. Perhaps surprisingly, the pairs bootstrap
is actually the best method for G1 ≥ 5.

Finally, panel d) of Figure 2 deals with the case ofG = 24
and γ = 0. All the bootstrap methods work quite well for
G1 ≥ 4, and WCR works extremely well for G1 ≥ 7. It is
difficult to see in the figure, but WCU and the two ordinary

6This does not mean that adding group-specific fixed effects solves the problem of intracluster correlation; it would merely do so for our specific
DGP. In the “placebo law” experiments of Bertrand, Duflo, and Mullainathan (2004) and MacKinnon and Webb (2017b), which use real data from
the Current Population Survey, standard errors that are robust to heteroskedasticity but not to intracluster correlation yield extremely severe
errors of inference despite the presence of group-specific fixed effects.
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Figure 2: Rejection Frequencies for Difference-in-Differences Model
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wild bootstrap methods overreject slightly for the largest
values of G1. The latter work quite well even for small val-
ues of G1, but this undoubtedly reflects the rather simple
experimental design.

We remark that all the results for DiD models would
have been different if the “years” in which treatment begins
had been different. They might have been quite different if
we had conditioned on a particular set of years for treatment
rather than choosing them at random. With our procedure,
results tend to average out across replications.

Empirical Example

In this section, we consider an empirical example from Bur-
den, Canon, Mayer, and Moynihan (2017). It uses county-
level data to analyze the effects of certain state-level voting
laws, particularly early voting, on Democratic vote share. In
a portion of the analysis, the authors attempt to estimate
the following non-panel DiD model to analyze the effect of
early voting laws:

demdiffcs = β0 + β1EVcs + β2feloncs (15)

+ β3idcs +Xcsβ4 + εcs.

Here demdiffcs represents the difference in Democratic vote
share between the 2008 and 2012 elections, for county c
in state s. β1 is the coefficient of interest. EV takes on
the values −1, 0, or 1, if a state either repealed, did not
change, or adopted early voting laws, respectively. Between
2008 and 2012, California and Maryland adopted, while New
Jersey repealed, their early voting laws. This specification
assumes a symmetric treatment effect for repealing or adopt-
ing; we will later re-estimate this model using asymmetric
treatment effects. Additionally, felon and id are binary
variables representing changes in felon disenfranchisement
and ID requirement laws, and X represents various county-
level demographic covariates. All estimates are weighted by
county population. The U.S. has a total of 3,144 counties
and county equivalents. The dataset has N = 3, 112 usable
observations collected from every state including D.C. but
excluding Alaska, so that G = 50. Cluster sizes range from
1 county in D.C. to 254 counties in Texas.

We attempt to reproduce Column 4 from Table 7 of
Burden et al. (2017), which contains their difference-in-
differences analysis comparing the 2008 and 2012 elections.
While attempting to reproduce the results, two problems
were found in the replication files provided. Firstly, three

control counties were mistakenly coded as treated: one in
Alaska, one in Colorado, and one in DC. Additionally, Cali-
fornia, which adopted early voting, was mistakenly coded as
a control. We estimate the model using the data as coded
in the ‘miscoded’ column, and then re-estimate it using the
proper coding in the ‘corrected’ column.

Secondly, standard errors were clustered by county Fed-
eral Information Processing Standards (fips). County fips
codes are unique within but not across states. The prevail-
ing commonality amongst these counties is their position
alphabetically within state. Clustering by fips assumes that
there is potential correlation across the alphabetically first,
second, third, etc. clusters across states, but no correla-
tion within states. It appears that the authors intended to
cluster at the individual county level; however, since ob-
servations are at the county level, each cluster would only
contain one observation in that case. Clustering by county
would then result in heteroskedasticity-robust rather than
cluster-robust standard errors. Since earlier results in Bur-
den et al. (2017) were clustered by state, and laws change
at the state level, it seems sensible to cluster by state here
as well.

Table 1 demonstrates the limitations of inference when
few groups are treated. The first two columns seek to esti-
mate the model used in Burden et al. (2017). The other two
columns show this model without the symmetry assumption,
where adopting states (CA, MD) and repealing states (NJ)
are considered separately. The top row of Table 1 reports
the estimate of β1 or its asymmetric equivalent.7

The second panel reports three asymptotic P values
based on robust, CRVE-fips, and CRVE-state standard
errors. The bottom panel reports two bootstrap P val-
ues (WCR and WCU), both of which are calculated using
B = 99, 999 and are clustered by state.

In column 1, we replicate the analysis of Burden et al.
(2017). The Robust and CRVE-fips P values are highly sig-
nificant. However, clustering by state greatly reduces the
evidence against the null, and the bootstrap P values are
highly insignificant. In column 2, where treatment status
has been corrected, all of the P values are insignificant.

When we estimate the asymmetric effects, we can really
see the problems of few treated clusters, especially in eval-
uating the effects of a repeal of early voting where G1 = 1.
Here we observe that all of the asymptotic and WCU P
values are highly significant, whereas the WCR P value is
highly insignificant. This is exactly what the theory predicts
and what the simulation results in Figure 2 show.

7For the asymmetric equivalent, rather than β1 being the coefficient when EVcs is equal to −1 or +1, we in effect estimate two coefficients.
The first, βa1 , is for states that adopted early voting, so that EVcs = −1, and the second, βr1 , is for states that repealed early voting, so that
EVcs = 1. For the asymmetric estimates, we have two binary variables, one for repeal, which is equal to 1 for New Jersey and equal to 0 for all
other states, and one for adopt, which is equal to 1 for California and Maryland and equal to 0 for all other states. This explains why the coefficient
is negative in the “corrected” column, even though both coefficients are positive in the asymmetric estimates. New Jersey saw its Democratic vote
share increase from 2008 to 2012, despite eliminating early voting. The coding of EVcs = −1 essentially forces the coefficient to be negative to pick
up the large increase that occurred in New Jersey, despite the fact that Maryland and California also had (difference-in-differences) increases after
adopting early voting.
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Table 1: Effects of Early Voting Laws on Democratic Vote Shares

Symmetric Effect Asymmetric Effect
Miscoded Corrected EV Adopted EV Repealed

β̂1 −1.458 −0.254 0.700 2.795

Robust 0.000 0.401 0.041 0.000
CRVE (Ctyfips) 0.000 0.325 0.055 0.000
CRVE (State) 0.088 0.722 0.144 0.000

WCU 0.500 0.799 0.208 0.000
WCR 0.740 0.880 0.300 0.423

Treated States - 3 2 1

Empirical example from Burden, Canon, Mayer, and Moynihan (2017). Treated
states in ‘Miscoded’ column omitted due to coding issues in treatment assignment.
All entries except the estimates of β1 are P values. Estimates are weighted by county
population. WCU and WCR P values are clustered at the state level and based on
99,999 bootstraps.

While the example above highlights the difficulties of
statistical inference when there are few treated groups, we
do not regard these findings as challenging the conclusions
in Burden et al. (2017). In fact, when we evaluate the asym-
metric estimates, we see that the states which adopted early
voting had a statistically insignificant increase in the Demo-
cratic vote share, while the state that repealed early voting
had a statistically ambiguous increase in that share. Taken
together, these results present evidence against the conven-
tional wisdom that early voting laws favor Democrats.

Conclusions

When a regression model is used to estimate treatment ef-
fects, cluster-robust standard errors can be extremely mis-
leading when cluster sizes vary a lot and/or when the num-
ber of treated clusters (G1) is small. This is true for both
pure treatment models and difference-in-differences (DiD)
models. One simple way to see whether there is a prob-
lem is to calculate bootstrap P values using two variants
of the wild cluster bootstrap. If the WCR (restricted) and
WCU (unrestricted) bootstraps yield very different infer-
ences, then there is definitely a problem. Normally, in such
cases, WCU will reject and WCR will fail to reject. Other
methods may or may not yield reliable results.

Unfortunately, even when WCR and WCU roughly
agree, there may be a problem; consider the results for
G1 = 10 in panel b) of Figure 1. However, based on the sim-
ulation results here and in MacKinnon and Webb (2017a,b),
agreement between WCR and WCU seems to rule out re-
ally severe errors of inference. These are often associated
with very small values of G1, where WCR and WCU tend
to disagree sharply.

It is also worth trying other bootstrap methods. When

cluster sizes are similar, the ordinary wild bootstrap can
work surprisingly well, even when G1 is very small, but the
pairs cluster bootstrap typically overrejects in that case.
The latter is rarely the procedure of choice for regression
models, but it can be useful for nonlinear models such as
logit and probit. However, it tends to overreject severely
when G1 is small, and it can underreject severely when the
number of clusters, G, is small and G1/G is not close to 0
or 1.

There is an important difference between pure treatment
models and DiD models. For the former, small numbers
of untreated clusters are just as bad as small numbers of
treated ones. For the latter, reasonably reliable results can
be obtained even when all clusters are treated, provided
treatment starts at different times for different clusters.
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MacKinnon and Webb offer a useful analysis of how the
uncertainty of causal effects can be underestimated when
observations are clustered and the treatment is applied to a
very large or vary small share of the clusters. Their math-
ematical exposition, simulation exercises, and replication
analysis provide a helpful guide for how to proceed when
data are poorly behaved in this way. These are valuable
lessons for researchers studying impacts of policy in obser-
vational data where policies tend to be sluggish and thus do
not generate much variability in the key explanatory vari-
ables.

Correction of Two Errors

MacKinnon and Webb find two errors in our analysis, while
nonetheless concluding “we do not regard these findings as
challenging the conclusions of Burden et al. (2017).” Al-
though we are embarrassed by the mistakes, we are also
grateful for their discovery. Our commitment to trans-
parency is reflected by the fact the data was been made
public for replication purposes since well before the article
was published. We have posted corrected versions of the
replication files and published a corrigendum with the jour-
nal where the article was original published.

Fortunately, none of the other analyses in our article
were affected. It is only Table 7 where errors affect the
analysis. Tables 2 through 6 remain intact.

We concede that when corrections are made the effect of
early voting drops from statistical significance in the model
of the difference in the Democratic vote between 2008 and
2012. All of the various standard errors they report are far
too large to reject the null hypothesis.

The Problem of Limited Variation

The episode highlights the tradeoffs that researchers face
between applying what appears to be a theoretically supe-
rior estimation technique (i.e., difference-in-difference) and
the practical constraints of a particular application (i.e.,
limited variation in treatment variables) that make its use
intractable. In the case of our analysis, election laws do
not change rapidly, and the conclusions of our analysis were
largely based on cross-sectional analyses (Tables 2–6), with
the difference-in-difference largely offered as a supplemental
analysis.

We are in agreement with MacKinnon and Webb that
models designed to estimate causal effects (or even simple
relationships) may be quite tenuous when the number of
clusters is small and the clusters are treated in a highly un-
balanced fashion. In fact, we explained our reluctance to
apply the difference-in-difference model to our data because
of the limited leverage available. We were explicit about our
reservations in this regard. As our article stated:

“A limitation of the difference-in-difference approach in
our application is that few states actually changed their elec-
tion laws between elections. As Table A1 (see Supplemental
Material) shows, for some combinations of laws there are no
changes at all. For others, the number of states changing
is as low as one or two. As result, we cannot include some
of the variables in the model because they do not change.
For some other variables, the interpretation of the coeffi-
cients would be ambiguous given the small number of states
involved; the dummy variables essentially become fixed ef-
fects for one or two states” (p. 572).

This is unfortunate in our application because the
difference-in-difference models are likely to be viewed as
more convincing than the cross-sectional models. This is
why we offered theory suggesting that the more robust cross-
sectional results were not likely to suffer from endogeneity.

The null result in the difference-in-difference models is
not especially surprising given our warning above about the
limited leverage provided by the dataset. Indeed, the same
variable was insignificant in our model of the Democratic
vote between 2004 and 2008 that we also reported in Table
7. We are left to conclude that the data are not amenable to
detecting effects using difference-in-difference models. Per-
haps researchers will collect data from more elections to pro-
vide more variation in the key variable and estimate param-
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eters more efficiently.
In addition to simply replicating our analysis, MacKin-

non and Webb also conduct an extension to explore asym-
metric effects. They separate the treated states into those
where early voting was adopted and where early voting was
repealed. We agree that researchers ought to investigate
such asymmetries. We recommended as much in our arti-
cle: “As early voting is being rolled back in some states,
future research should explore the potential asymmetry be-
tween the expansion and contraction of election practices”
(p. 573). However, we think this is not feasible with exist-
ing data. As MacKinnon and Webb note, only two states
adopted early voting and only one state repealed early vot-
ing. As a result, analyzing these cases separately as they
do essentially renders the treatment variables to be little
more than fixed effects for one or two states, as we warned

in our article. The coefficients might be statistically signifi-
cant using various standard error calculations, but it is not
clear that MacKinnon and Webb are actually estimating the
treatment effects rather than something idiosyncratic about
one or two states.

Conclusion

While the errors made in our difference-in-difference anal-
ysis were regrettable, we think the greater lesson from the
skilled analysis of MacKinnon and Webb is to raise further
doubt about whether this tool is simply unsuitable in such a
policy setting. While all else is equal, it may offer a superior
mode of analysis; but all else is not equal. Researchers need
to find the best mode of analysis to fit with the limitations
of the data.
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